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Abstract. We introduce several properties of forcing notions which imply 
that their A-support iterations are A-proper. Our methods and techniques 
refine those studied in IRS01| . IRS07I . |RS05| and IRSI . covering some new 
forcing notions (though the exact relation of the new properties to the old 
ones remains undecided). 



0. Introduction 

Since the beginning of 1980s it has been known that the theory of proper forcing 
does not admit naive generahzation to the context of larger cardinals and iterations 
with larger supports. The evidence of that was given already in Shelah |She82| (see 
|She98| Appendix 3.6(2)]). It seems that the first steps towards developing the 
theory of forcing iterated with uncountable supports were done in Shelah jShe03aj , 
}She03b] . but the properties introduced there were aimed at situations when we 
do not want to add new subsets of A (corresponding to the case of no new reals 
in CS iterations of proper forcing notions). Later Roslanowski and Shelah [RSOl] 
introduced an iterable property called properness over semi- diamonds and then 
Eisworth [Eis03j proposed an iterable relative of it. These properties work nicely 
for A-support iterations (where A = A^"^ is essentially arbitrary) and forcings adding 
new subsets of A, but the price to pay is that many natural examples are not covered. 
If we restrict ourselves to inaccessible A, then the properties given by Roslanowski 
and Shelah [RS07[ IRS051 IRS] may occur useful. Those papers give both iteration 
theorems and new examples of forcing notions for which the theorems apply. 

In the present paper we further advance the theory and we give results applicable 
to both the case of inaccessible A as well as those working for successor cardinals. 
The tools developed here may be treated as yet another step towards comparing and 
contrasting the structure of ^A with that of^cu. That line of research already has 
received some attention in the literature (see e.g., Cummings and Shelah [CS95j . 
Shelah and Spasojevic jSS02| or Zapletal |Zap97| ). Also with better iteration the- 
orems one may hope for further generalizations of Roslanowski and Shelah [RS99| 
to the context of uncountable cardinals. (Initial steps in the latter direction were 
presented in Roslanowski and Shelah |RS07| .) However, while we do give some 
examples of forcing notions to which our properties apply, we concentrate on the 
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development of the theory of forcing leaving the real applications for further in- 
vestigations. The need for the development of such general theory was indirectly 
stated by Hytinnen and Rautila in |HR01] . where they commented: 

Our proof is longer than the one in [MS93) partly because we are 
not able to utilize the general theory of proper forcing , especially the 
iteration lemma, but we have to prove everything "from scratch" . 

We believe that the present paper brings us substantially closer to the right general 
iteration theorems for iterations with uncountable supports. 

In the first section we introduce 'Df. -parameters (which will play an important 
role in our definitions) and a slight generalization of the B-bounding property from 
|RS05j . We also define a canonical example for testing usefulness of our iteration 
theorems: the forcing in which conditions are complete A-trees in which along 
each A-branch the set of splittings forms a set from a filter E (and the splitting at 
v is into a set from a filter En on A). The main result of the first section (Theorem 
ll.lOp says that we may iterate with A-supports forcing notions Qf , provided A is 
inaccessible and E is always the same and has some additional properties. 

If we want to iterate forcing notions like but with different E on each coor- 
dinate (when the result of the first section is not applicable) , we may decide to use 
very orthogonal filters. Section 2 presents an iteration theorem 12 . 71 which is tailored 
for such situation. Also here we need the assumption that A is inaccessible. 

The following section introduces B-noble forcing notions and the iteration the- 
orem 13.31 for them. The main gain here is that it allows us to iterate (with A- 
supports) forcing notions like even if A is not inaccessible. The fourth section 
gives more examples of forcing notions and shows a possible application. In Corol- 
lary 14.51 we substantially improve a result from [ RS05j showing that dominating 
numbers associated with different filters may be distinct even if A is a successor. 

The fifth section shows that some of closely related forcing notions may have 
different properties. Section 6 presents yet another property that is useful in A- 
support iterations (for inaccessible A): reasonably merry forcing notions. This 
property has the flavour of putting together being B-bounding (of [RS05j ) with 
being fuzzy proper (of [RS07| ). We also give an example of a forcing notion which 
is reasonably merry but which was not covered by earlier properties. We conclude 
the paper with a section listing open problems. 

This research is a natural continuation of papers mentioned earlier ( |She03aj . 
|She03b| . [RSOT] . [RSOT] . jRSOS) and [RS]). All our iteration proofs are based on 
trees of conditions and the arguments are similar to those from the earlier works. 
While we tried to make this presentation self-contained, the reader familiar with 
the previous papers will definitely find the proofs presented here easier to follow 
(as several technical aspects do re-occur). 

0.1. Notation. Our notation is rather standard and compatible with that of clas- 
sical textbooks (like Jech | Jec03] ) . In forcing we keep the older convention that a 
stronger condition is the larger one. 

(1) Ordinal numbers will be denoted be the lower case initial letters of the Greek 
alphabet (a, /3, 7, 5 . . .) and also by z, j (with possible sub- and superscripts). 
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Cardinal numbers will be called k, A, /x; A will be always assumed to 
be a regular uncountable cardinal such that A^^ = A (we may forget 
to mention this). 

Also, X will denote a sufficiently large regular cardinal; 'H(x) is the family 
of all sets hereditarily of size less than Moreover, we fix a well ordering 

<* of nix)- 

(2) We will consider several games of two players. One player will be called 
Generic or Complete or just COM, and we will refer to this player as "she" . 
Her opponent will be called Antigeneric or Incomplete or just INC and will 
be referred to as "he" . 

(3) For a forcing notion P, almost all P-names for objects in the extension 
via P will be denoted with a tilde below (e.g., r, X). There will be some 
exceptions to this rule, however. Fp will stand for the canonical P-name 
for the generic filter in P. Also some (names for) normal filters generated 
in the extension from objects in the ground model will be denoted by D, 

or D[F]. 

The weakest element of P will be denoted by 0p (and we will always 
assume that there is one, and that there is no other condition equivalent to 
it). All forcing notions under considerations are assumed to be atomless. 

By "A-support iterations" we mean iterations in which domains of con- 
ditions are of size < A. However, on some occasions we will pretend that 
conditions in a A-support iteration Q = (P^, : C < C*) a^re total functions 
on and for p G Um(Q) and a € C* \ dom{p) we will let p{a) = 0q^ . 

(4) By "a sequence" we mean "a function defined on a set of ordinals" (so the 
domain of a sequence does not have to be an ordinal). For two sequences 
ri, V we write v<^r] whenever i/ is a proper initial segment of 77, and v <r\ 
when either v<\r] or v = r]. The length of a sequence r\ is the order type of 
its domain and it is denoted by lh(77). 

(5) A tree is a < downward closed set of sequences. A complete A-tree is a 
tree T C ^-^A such that every <-chain of size less than A has an <-bound 
in T and for each rj &T there is 1^ &T such that r]<i^. 

Let T be a A-tree. For r] gT we let 

succt(??) = {a < a : ??'"(«) € T} and (T)^ = {u eT : u<ri ov rj < u}. 

We also let root(T) be the shortest r] € T such that |succt(?7)| > 1 and 
limA(r) = {7? e ^A : (Va < X){r]\a e T)}. 

0.2. Background on trees of conditions. 

Definition 0.1. Let P be a forcing notion. 

(1) For a condition r G P, let DQ{F,r) be the following game of two players. 

Complete and Incomplete: 

the game lasts at most A moves and during a play the 
players construct a sequence {{pi,qi) '■ i < A) of pairs of 
conditions from P in such a way that (Vj < z < A)(r < 
Pj < Qj < Pi) and at the stage z < A of the game, first 
Incomplete chooses pi and then Complete chooses qi . 

Complete wins if and only if for every i < X there are legal moves for both 

players. 
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(2) We say that the forcing notion P is strategically {<X) -complete if Complete 
has a winning strategy in the game Dg O^i ^) fo'" each condition r g P. 

(3) Let N -< (H(x),e,<*) be a model such that <^N C iV, |iV| = A and 
¥ € N. We say that a condition p G P is {N,¥) -generic in the standard 
sense (or just; {N,¥) -generic) if for every P-name t N for an ordinal 
we have p I h " r e " . 

(4) P is X-proper in the standard sense (or just: X-proper) if there is a; £ H(x) 
such that for every model N -< {H{x), <x) satisfying 

C N, \N\ = X and ¥,xe N, 

and every condition g G A n P there is an {N, P)-generic condition p e P 
stronger than q. 

Remark 0.2. Let us recall that if P is either strategically (<A"'")-complete or A^-cc, 
then P is A-proper. Also, if P is A-proper then 

• A+ is not collapsed in forcing by P, moreover 

• for every set of ordinals A G of size A there is a set G V of size A 
such that Ac A+. 

Definition 0.3 (Compare [RSOTj Def. A.1.7], see also [RSOSl Def. 2.2]). 

(1) Let 7 be an ordinal, 7^ w C 7. A {w, 1)^ -tree is a pair T — (T, rk) such 
that 

• rk : T — >wU {7}, 

• if < G T and rk(i) = e, then t is a sequence ((i)^ : ( C w Cie), 

• (T, <) is a tree with root () and 

• if < G T, then there is i' G T such that t < t' and rk(<') = 7. 

(2) If, additionally, T = (T, rk) is such that every chain in T has a O-upper 
bound in T, we will call it a standard [w, 1)'^ -tree 

We will keep the convention that Ty is (T^,rkp. 

(3) Let Q = (Pi , : i < 7) be a A-support iteration. A tree of conditions in 
Q is a system p — {pt : t C T) such that 

• (T, rk) is a {w, l)'''-tree for some C 7, 

• Pt & IPrk(t) for t GT, and 

• if s, f G T, s<it, then ps = pt |'rk(s). 

If, additionally, (T, rk) is a standard tree, then p is called a standard tree 
of conditions. 

(4) Let be trees of conditions in Q, p^ — {pi : t E T) . We write p^ < p^ 
whenever for each f G T we have p^ < p}- 

Note that our standard trees and trees of conditions are a special case of that 
[RSiTzi Def. A.1.7] when a = 1. 

Proposition 0.4. Assume that Q — {¥i,Qi : « < 7) is a X-support iteration such 
that for all i < J we have 

ll^Pi " Qi is strategically (<X)-complete ". 

Suppose that p = {pt : t G T) is a tree of conditions in Q, |r| < A, and I C P-y is 
open dense. Then there is a tree of conditions q ~ {qt '. t C T) such that p < q and 
(Vt Gr)(rk(t) -7 ^ qtCl). 
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Proof. This is essentially |RS07| Proposition A. 1.9] and the proof there applies here 
without changes. □ 

1. PARAMETERS 

In this section we introduce Df-parameters and we use them to get a possible 
slight improvement of [RS05j Theorem 3.1] (in Theorem 1 1.10|) . We also define our 
canonical testing forcing to which this result can be applied. 

Definition 1.1. (1) A pre-Vl -parameter on A is a triple p = {P,S,D) — 
(PP,SP,DP) such that 

• _D is a proper uniform normal filter on A, S* G D, 

• P^{Ps:SeS) and Ps G [^^]<^ for each S eS._ 

(2) For a function / G '^A and a pre-!D£-parameter p = (P, S, D) we let 

setP(/) = {<5G5:/f<5GP4- 

(3) We say that a pre-W-parameter p = (P, 5, D) is a Vl-parameter on A if 
setP(/) G D for every / G "^A. 

Example 1.2. (1) If A is strongly inaccessible, D is the filter generated by 
club subsets of A and Ps = ^S, P = (Ps : S < X), then {P,X,D) is a 
2?^-parameter on A. 

(2) is a statement asserting existence of a 2?^-parameter with the filter 
generated by clubs of A. 

(3) <)a implies the existence of a 2?£-parameter {P,S,D) such that \Ps\ — \S\. 

(4) For more instances of the existence of 2?^-parameters we refer the reader 
to Shelah [SheOO, §3]. 

Definition 1.3. Let p be a pre-I?^~parameter on A and Q be a forcing notion not 
collapsing A. In we define 

• DP[Q] = is the normal filter generated by DP U {setP(/) : / G ^A}, 

• p[Q] = {PP,SP,DP^^^. 

Remark 1.4. If Q is a strategically (<A)-complete forcing notion and _D is a (proper) 
normal filter on A, then in the normal filter on A generated by £> fl V is also a 
proper filter. Abusing notation, we will denote this filter by D (or D*^). The filter 
-DP[Q] can be larger, but it is still a proper filter, provided p is a I?i?-parameter. 

Lemma 1.5. Assume that p = {P,S,D) is a Di-parameter on A and Q is a 
strategically {<X) -complete forcing notion. Then IKq ^ Z3P[Q]. Consequently, 
ll~Q " p[Q] is a Vt-parameter on A". 

Proof. Assume that p G Q and As is a Q-name for an element of I? n V and fs is 
a Q-name for an element of '*'A (for 6 < X). Using the strategic completeness of Q 
build a sequence {ps , As , fs ■ S < A) such that for each S < X: 

(i) Ps & Q, P < Po < Pa < PS for a <S, 

(ii) As e DnV, fs e^X and 

(iii) Ps II-q" As = As and fa\S = fa\S for aU a < 5 ". 

Since p is a W-parameter, we know that B — A As O A setP (fs) G D. Let 

i5<A i5<A 

5 eB. Then 

PS IhQ " (5 G A Aa and /„ \S = fa\S e Ps for aU a < 5 ", 

Q<A 
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SO PS IhQ " (5 G A n A setP(/a) ". □ 

Lemma 1.6. Assum,e that A^^ = A, p = {P,S,D) is a parameter on X, Q is 
a strategically {<\)- complete forcing notion and N -< ('H(x), S, <* ) is such that 
p G N, \N\ = A and "^^N C N. Let {Ns : 6 < X) be an increasing continuous 
sequence of elementary submodels of N such that p G Nq, 6 C Ns, Ps C Ns+i, 
{N^:s<d)G Ns+i and \Ns\ < A (for S < X). Then 

IhQ " (VA CN){{d <X:AnNsG Ns+i} € D[q]) ". 

Proof. We may find an increasing continuous sequence {as : S < X) C X and a 
bijection f : N — ^ A such that f[Ns] = as and f\Ns G Ns+i (for 6 < A). For 
A C N let (fA ■ X — > 2 be such that (pA{oi) = 1 if and only if f~^{a) G A. Plainly, 
if S = as and ipA \S G Ps, then AnNs G Ns+i. □ 

Let Cq be a forcing notion consisting of all pairs {a, f ) such that a < A and 
/ G n (/^ + 1) ordered by the extension (so (q, /) < (a', /') if and only if / C /'). 

f)<a 

Thus it is a (<A)-complete forcing notion which is an incarnation of the A-Cohen 
forcing notion. 

Proposition 1.7. Assume X is strongly inaccessible. If p = {P,S,D) is a V£- 
parameter on X such that {\/6 G S){\Ps\ < \S\), then Ihcx " D'^o ^ D[C^] ". 

Proof. Let / be the canonical Cq name for the generic function in J]^ (a + 1), 

SO (a,/) Ihc^ / ^ /■ Plainly, H-j-a setP(/) G -D[Cq] and we are going to argue 
that ll-^A A \ setP(/) G (D*"")^. To this end, suppose that p G Cq and As is a 
CQ-name for an element of £> fl V (for 6 < X). By induction on ^ < A choose 
{a^, B^,p^ : ^ < A) so that 

(a) {a^ : ^ < A) is an increasing continuous sequence of ordinals below A, 
(/3) €D,pi^ {pi : G n ("C + 1)) C C^, p'k = p = (^o, /?)), 

c<c 

(7) if a G n ("C + 1). then pi = {a^, /|) and f^{a() = a(C) for C < ^, 
{5) if e < a' G n(ac + 1) and a = a' then p« < , 

(e) if ^ < A is limit, cr G H i'^C + -*-)' then {a^ = sup(Q:^ : C < and) 

C<« 

/I = U /ire and 

(C) Ih C Aj for every tr G H ("C + !)• 

C<? 

(Remember that A is inaccessible, so | Yl (o^C ~^ ^)\ ^ ^ ^'^^ each ^.) Next, consider 
the set B = A i?j G D. Let (5 G -BOS' be a limit ordinal. Since \Ps\ < |<5| < H l"^?!) 

we may pick cr G H + 1) such that f^ ^ Ps- Then Ih 5 G A A| \setP(/). □ 

|<5 l<A 

Definition 1.8. Let p = {P, S, D) be a W-parameter on A, Q be a strategically 
(<A)-complete forcing notion. 
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(1) For a condition p e Q we define a game c)p''^(p, Q) between two players, 
Generic and Antigeneric, as follows. A play of D^p^{p, Q) lasts A steps and 
during a play a sequence 

(/„,(p^gf :te/a):a<A) 

is constructed. Suppose that the players have arrived to a stage a < A of 
the game. Now, 

(N)q, first Generic chooses a set of cardinality < A and a system {pf : t £ 

la) of conditions from 
(Il)a then Antigeneric answers by picking a system {q" : t £ I^) oi condi- 
tions from Q such that {Vt e Ia){p? <q?)- 
At the end. Generic wins the play (^Ia,{pf,qt : i G /q) : a < A) of 
3p^(p,Q) if and only if 
(®)rbB there is a condition p* £ Q stronger than p and such that 

p* IhQ " {a < A : {3t e Q{qf £ Tq)} £ D[Q] ". 

(2) A forcing notion Q is reasonably B-bounding over p if for any p £ Q, 
Generic has a winning strategy in the game Dp'^^(p, Q). 

Remark 1.9. The notion introduced in ll.Sl is almost the same as the one of |RS051 
Definition 3. 1(2), (5)]. The difference is that in (®)^j,b we use the filter D[Q] and 
not D"^ = D, so potentially we have a weaker property here. We do not know, 
however, if there exists a forcing notion which is reasonably B-bounding over p 
and not reasonably B-bounding over D. (See Problem [7?T]) 

In a similar fashion we may also modify the property of being nicely double 
b-bounding (see |RS| Definition 2. 9(2), (4)]) and get the parallel iteration theorem. 

Theorem 1.10. Assume that 

(1) A is a strongly inaccessible cardinal and p is a Vl-parameter on A, 

(2) Q = (Pq,Qq : a < 7) is a X-support iteration, 

(3) for every a < X, Ihp^ " is reasonably B-bounding over p[Va] "■ 
Then 

(a) = lim(Q) is X-proper, 

(b) if T is a Vj-name for a function from X to ~V , p E Fj, then there are q > p 
and {A^ ■ ^ < X) such that (V^ < A)(|yl^| < A) and 

glh " < X : TiO e A^} E DP[P,] ". 

Proof. The proof is essentially the same as that of |RS05| Theorem 3.1] with a small 
modification at the end (in Claim 3.1 there); compare with the proof of Theorem 
12.71 here and specifically with 12.7.11 □ 

Definition 1.11. Let E = (i?^ : v £ ^^A) be a system of (<A)-complete non- 
principal filters on A and let _B be a normal filter on A. We define a forcing notion 
Qf as follows. 

A condition p in is a complete A-tree p C <^A such that 

• for every v E p, either |sucCp(i^)| — 1 or sucCp(i^) £ E^, and 

• for every 77 £ lmix{p) the set {a < A : sucCp{ri\a) E -Bj^fa} belongs to E. 



Note that no relation between pf and for /? < a is required to hold. 
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The order <=<qe is the reverse inclusion: p < q ii and only if {p,q G Qf and ) 
9 C p. 

Proposition 1.12. Assume that E.E are as in \1.11\ Let p — {P,S,D) be a 
V£-parameter on X such that A \ 5 G -E. 

(1) Qe {<X) -complete forcing notion of size 2"^. 

(2) is reasonably B-bounding over p. 

(3) // A is strongly inaccessible and (V(5 G 5)(|P5| < \5\), then Ih^is D'^e ^ 

ml]- 

Proof. (1) Should be clear. 

(2) Let p G Qf . We are going to describe a strategy st for Generic in iDp'^^(p, Qf ). 
In the course of the play, Generic constructs aside a sequence {T^ : < A) so that 
if (/j, : t £ I^) : ^ < A) is the sequence formed by the innings of the two 
players, then the following conditions are satisfied. 

(a) G Q| and if C < C < A then p^Tq^T^^Tq and T^; n « A = n « A. 

(b) If C < A is limit, then ^ f] 

(c) If C G then 

• I^=P^r\T^ and p\ = (T{)t for t G /j, 

• - {}{4 : i G U U : G «A n \ /j}. 

(d) lis, is, then = and T^+i = Tj. 

Conditions (a)-(d) fully describe the strategy st. Let us argue that it is a winning 
strategy and to this end suppose that (J^, : i G /{) : ^ < A) is a play of 

Dp'^^(p, ) in which Generic uses st and constructs aside the sequence (T^ : ^ < A) 
so that (a)-(d) are satisfied. Put p* = fl ^ It follows from (a)+(b) that 

p* is a complete A-tree and for each v £p* either jsucCp* {v)\ — \ or sucCp. {v) G E^. 

Suppose now that ri G limA(p*) and for ^ < A let =^ {a < A : succtj ('7 ["a) G 
Eri\a}- Since 77 G limA(Tj) for each ^ < A, we know that G E. Let 

B = A n < A : C is hmit and ^ ^ S}. 

It follows from our assumptions that B (z E. For each a G -B we know that 
succtj (?/tc^) G Er/ia for ^ < a and Tq = P| T^, so succt^ ('7l'a) G E'jjra- More- 

over, n "+^A = Ta f) "+^A for all /? > a (remember (a)+(d)) and consequently 
sucCp* (77 fa) — succTq ('7 ["a) G i?,,fQ. Thus we have shown that p* G Qf . 

Let ly be a Qf-name given by II-qb = lJ{root(p) : p G Lqe}. It should be 

clear that \\-^e T4^ G ^A and thus Ih^i setP(If ) G -D[Q|]. Plainly, if ^ G S" and 

t e^XOp*, then {p*)t > qf and hence 

p* IHqi " if e G setP(If), then W\S G /{ and G T^e ", 

so Generic won the play. 

(3) We are going to show that II-qe setP(iy) ^ £)''2e. To this end suppose that 
p G Qf and (for ^ < A) are Qf -names for elements of D. Let st be the winning 
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strategy of Generic in Dp'^^(p,Qf) described in part (2) above. Consider a play 
{k, {pI (Z« : i e : ^ < A) of D'^^{p, Q|) in which 

(*)i Generic follows st and constructs aside a sequence {T^ : ^ < A), 
(*)2 Antigeneric plays so that at a stage ^ G S he picks a set G D and 
conditions > (for t £ such that 

(WG/e)(g«lhi34C f|Ac). 

C<? 

Let p* = r\ be the condition determined at the end of part (2) and let B = 
A B^. Choose an increasing continuous sequence (7^ ■ ^ < ^ and a complete 

A-tree T C p* such that for every ^ < A we have 

(*)3 if G Tn'^«A, then \{p e Tn^^+^X : i^<p}\ = and 
(*)4 if p G T n ''e+i A, then p\a G Pa for some a G (7^, 7^+1) n S. 
(The choice can be done by induction on ^; remember that p is a I?£~parameter 
and A is assumed to be inaccessible.) Pick a limit ordinal G B D S such that 
C = 7j. Since \T n «A| > |7^|, we may choose v eTn^\\P^. Put g = (p*)^. Then 
q>P*>P and q lh„B ^ G A \ setP(VF) (remember (*)2 + (*)4). □ 

2. Iterations with lords 

Theorem 11.101 can be used for A-support iteration of forcing notions when 
on each coordinate we have the same filter E. But if we want to use different filters 
on various coordinates we have serious problems. However, if we move to the other 
extreme: having very orthogonal filters we may use a different approach to argue 
that the limit of the iteration is A-proper. 

Definition 2.1. (1) A forcing notion with X-complete {k^ fj,) -purity is a triple 
(Qj <pr) such that <, <pi. are transitive reflexive (binary) relations on Q 
such that 

(a) <pr C <, 

(b) both (Q, <) and (Q, <pr) are strategically (<A)-complete, 

(c) for every p G Q and a (Q, <)-name r for an ordinal below k, there are 
a set A of size less than p and a condition q E Q such that p <pr <z 
and q forces (in (Q, <)) that "t G A". 

(2) If (Q, <, <pi ) is a forcing notion with A-complete (k, /i)-purity for every k, 
then we say that it has X-complete {*, p) -purity. 

(3) If (Q, <,<pi) is a forcing notion with A-complete (k, /i)-purity, then all 
our forcing terms (like "forces", "name" etc) refer to (Q, <). The relation 
<pr has an auxiliary character only and if we want to refer to it we add 
"purely" (so "g is stronger than p" means p < q, and "g is purely stronger 
than p" means that p <pr q). 

Definition 2.2. Let Q — (Q, <, <pr) be a forcing notion with A-complete (*, A+)- 
purity, p = (P, S, D) be a P^-parameter on X, U he a normal filter on A and 
P- = {f-a : a < A) be a sequence of cardinals below A. 

(1) For a condition p G Q we define a game c)j7p p.(P^ ^) between two players, 
Generic and Antigeneric, as follows. A play of p fi{p,Q) lasts A steps 
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and during a play a sequence 

(^£a,{p^,q^ : t e ^J-o.) : a < 

is constructed. So suppose that the players have arrived to a stage a < A 
of the game. Now, 
(H)P'' first Antigeneric pics G {0, 1}. 

(D)P'^ After this, Generic chooses a system {pf : t G fia) of paiwise incom- 
patible conditions from Q, and 

(2)^' Antigeneric answers with a system of conditions ^ Q (for i G 
such that for each t £ ^a'- 

• Pt < if, and 

• if = 1, then <pr . 
At the end, Generic wins the play 

(^£a,{p°,qf : t e ^lo.) : a < 

if and only if either {a < A : = 1} ^ Z^, or 

there is a condition p* E Q stronger than p and such that 

p* IhQ " {a < A : {3t G G Tq)} G D[Q] ". 

(2) We say that the forcing notion Q (with A-complete (*, A+)-purity) is purely 
B* -bounding over U, p, /i if for any p G Q, Generic has a winning strategy 
in the game 3P'p^p(p,Q). 

Remark 2.3. Note that in the definition of the game p p^{p,Q) the size of the 
index set used at stage a is declared to be fia (while in the related game D^p^ {p, Q) 
we required just |Jq,| < A). The reason for this is that otherwise in the proof of the 
iteration theorem for the current case we could have problems with deciding the 
size of the set /„; compare clause (*)4 of the proof of Theorem 12.71 

Observation 2.4. Assume E,E are as in \l.ll\ For p,q G Qf let p <pr q mean 
that p < q and root(p) = root(g). Then 

(1) (Qf ,<,<pr) is a forcing notion with X-complete {*, X'^) -purity, 

(2) if, additionally, each E^, (for v G ^^Aj is an ultrafilter on X, then (Qj,< 
, ^pr) has (k, 2)-purity for every k < X. 

Proposition 2.5. Assume that E,E are as in \1.11\ p = {P,S,D) is a Vi- 
parameter on X and /2 — {fia '■ a < X) is a sequence of non-zero cardinals below 
X such that (Va G S')(|Pce| < Ma)- Then (Qf,<,<pr) is purely B* -bounding over 
E,p,p,. 

Proof. Let p G and let st be the strategy described in the proof of ll.l2r 2') with 
a small modification that we start the construction with = lh(root(p)) + 1 (so 
= p and the first <^o steps of the play are not relevant). Then we also replace 
clauses (c)+(d) there by 

(cd) If C > Co then 

• C 5 A n Tj is of size /xj, and pf — {T^)t for t G I^, and 

• if C e 5 then P^nT^C I^, and 

• T?+i = UUt ■■tek}u[j {m), : G «A n Te \ /e}. 
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(So, in particular, Antigeneric's choice of £5 has no influence on the answers by 
Generic.) We are going to show that st is a winning strategy for Generic in 
D^'^p Qf ). To this end suppose that {^£^,{pf,q^ : i e /^) : ^ < A) is a play 
^Bp/i(P''3l) which Generic follows st (we identify with = fi^) and 
(T^ : < A) is the sequence of side objects constructed in the course of the play. 
Assume A = < X : £^ = 1} ^ E (otherwise Generic wins by default). Like in 
\rWl 2). put p* = fl T?- To argue that p* e Q| we note that if 77 e limxip*) and 

S e A {a < A : succt^ (?7ta) e Ej^^a} n A n < A : ^ > ^0 is limit }, 

then 

succt^ iv \S) ii-qlS Is 



Exactly as in 11.12^ 2') we justify that p* witnesses (®)pi.. □ 

Lemma 2.6. Assume that 

(1) A is strongly inaccessible, 

(2) Q = (Pq, Qq, : a < 7) is a X-support iteration, w C 7, \w\ < A, ao G w, 

(3) for every a < 7, 

ll^Pa " Qa = (Qc(,<,<pr) *s a forcing notion with X-complete {*, X'^) -purity ", 

(4) Pq,j, is X-proper, 

(5) 7~ = (T, rk) is a standard (w,!)'^ -tree, \T\ < X, 

(6) p — {pt '■ t £ T) is a standard tree of conditions in ¥-y, and 

(7) T is a P^-name for an ordinal. 

Then there are a set A of size X and a standard tree of conditions q — {qt ■ t £ 
T) C such that 

(a) (Vt e T) (rk(<) =7 ^ qt\'r T £ A), and 

(b) p<q and ifteT, rk(i) > ao then qt\ao ^'^v^^ Pt{a.o) <pr gt(ao)- 
Proof. Let us start with the following observation. 

Claim 2.6.1. //p G P-y then there are a set Aq of size X and a condition q > p 
such that q Ihp^, t G ^'^'^ llo^o ""Pqq p{<^o) ^pr ^(q^o)- 

Proof of the Claim. Let us look at P^ as the result of 3 stage composition ¥ag * 
Qao * ?(ao+i).7J whcrc V[ao+i),j is & Pcg+i-namc for the following forcing notion. 
The set of conditions in f'{ao+i),'y is {i"\{c(o,l) ■ € P7} (so it belongs to V); the 
order of P(ao+i),7 is such that if Gag+i Q Pao+i is generic over V, then 

V[G„o+i] N " 'T <P(„„+i),^[G„„] s if and only if 

there is g G Gaa+i such that q'~'r q'~s ". 

Now, pick a Pag+i-name (r, g) such that 

p\{ao + 1) \\-r^g+i " p\{ao, 7) < r and r \\- g = t " 

and then choose a P^Q-name A* for a subset of P(ao+i),7 x ON and a Pa„-name 
q{aa) for a condition in Qq^ such that 

p\ao \\-r^g " p(ao) <pr q{aa) and |^*| = A and 

q{ao) lhQ„^ {3{s, P) e A*) (r - s & g - /?) " . 
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Since Pq^ is A-proper, we may choose a set v4+ C P(Qo+i),-y x ON of size A and a 
condition q\ao > p\ao such that q\aQ \\- A* Q A'^ . Then 

q\{ao + l) lhp„^^^, (3(s, /3) e A+) (r = s & g = /?) . 

Put A = {P : (Bs)((s, /3) e ^^)}- Now we may easily define g|"(ao,7) so that 
dom(qr(ao,7)) = U{dom(s) : e A+)} and 

(jf(ao + 1) l^p„o+i " r <P(„o+i,,^ 'jtlacT) and g G A ". □ 

Fix an enumeration {ti^ :(<(*) oi {t € T : rk(t) = C} (so C* < A). For each 
ae7\{ao}fixa Pa-name st° for a winning strategy of Complete in the game 
3o(('Qa' — )'?'Qc) such that as long as Incomplete plays 0q^, Complete answers 
with 0Q^ as well. Let st^j. be the <*-first Pao-name for a winning strategy of 
Complete in D^((Qao, <pr),Pt<;(ao)) (for C < C*)- Note that if C, C < C* and 

\i^o + 1) = tc \i^o + 1), then st^j. = st^^.. 

By induction on C < C* we choose a sequence {p'',q'',A'' : C C*) so that the 
following demands are satisfied. 

(i) = {pl : t ^ T) ^(f — {ql : t ^ T) are standard trees of conditions, A^ is a 
set of ordinals of size A. 

(ii) If e < C < C*, then p < < q" < and A^ C 

(iii) p'^^ Ihp^ r e A?. 

(iv) Ifae7\{«o}, C,C<C,then 

9tj« ""Po " (pfja(")'9Ma(") : £ < is a result of a play of ((Qa> <) JQc) 
in which Complete uses st° " . 

(v) IfC,^<C,then 

4 r^o '^P=o " r^o ("o)' ^fc r«o ("o) : £ < is a resuh of a play 

of Dq ((Qan, <pr),Pt^(ao)) in which Complete uses st^^, ". 

Suppose that we have determined p^,q^,A'^ for e < ( < First we choose 
p' = {p'f : t GT) CF^. If ^ = then we set p' = p. Otherwise we choose p' so that 
for i G T we have: 

(vi) dom(pj) — y dom(gf), and 

(vii) if a e dom(pj) \ {ap}, then p'{a) is the <*-first P^-name for a condition 
in such that p'^ \a Ihp^ (Ve < (){qf{a) < p[{a)), and 

(viii) p'{ao) is the <*-first Pa^-name for a condition in Qao such that 

P'jao !^p„„ (V£ < CMiao) <pr ^^(ao))- 

The choice is possible by (iv) + (v), and since we pick "the <* -first names" we easily 
see that p' is a standard tree of conditions. Now we use 12.6.11 to find a set A'^ of 
size A and a condition p^^ G P-y such that 

[JA' CA^, p[^ < pI , pi^ fao IHp„„ p't, (ao) <pr P% (ao) and pi^ Ihp^ T e A^ . 

Next, for each t G T we let p^ G Prk(t) be such that 
(ix) it s — t nt(^, then 

pi rrk(s) = pi^ \ik{s) and r[rk(s), rk(i)) = P't rk(i)). 
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Clearly, pC = (p'^ : t e T) is a standard tree of conditions satisfying the relevant 
parts of the demands in (ii)-(v). Now we choose a tree of conditions q'^ = {qt '■ t G 
T) so that the requirements of (iv) + (v) hold (for this we proceed like in (vi)-(viii) 
above) . 

After the construction is carried out we note that <f and A'^ are as required 
in the assertion of the lemma. □ 

Theorem 2.7. Assume that 

(1) A is strongly inaccessible, fl — {fia : a < X) is a sequence of cardinals below 
A, p = {P,S,D) is a Vi-parameter on A, and 

(2) Q = (Pq, Qa : a < 7) is a X-support iteration, 

(3) Ua is a Pa -name for a normal filter on X (for a < 7 j, 

(4) Aa^fj C X is such that Ihp^ ^a,/3 S Ida and Ihp^ A \ Aa^/B G Up (for a < (3 < 
7J, and 

(5) for every a < 7, 

^Pc, " Qa is purely B* -bounding over U a, a] "■ 
Then ¥~f = lim((Q)) is X-proper. 

Proof. The arguments follow closely the lines of the arguments for |RS05| Thm. 
3.1, 3.2] and |RS[ Thm. 2.12]. The proof is by induction on 7, so assume that we 
know also that each Pq, is A-proper for a < X. 

Let N -< (Hix), e, <* ) be such that <-^A^ C iV, \N\ = X and Q, {A^,/} : a < (3 < 
'y),p, . . . E N. Let p G N nF^ and {ts : 6 < X) list all P-y-names for ordinals from 
N. For each ^ G n 7 fix a P^-name st° G for a winning strategy of Complete 
in Dg (Qc I ) such that it instructs Complete to play 0Qj, as long as her opponent 
plays 0Qj . 

By induction on (5 < A we will choose 

i'^)5 Ts, pi, qt,rg,rs,ws,Zs, as, a.iid 
((g))^ es,(,Ps,i,qs,i and st^ for ^ G A^ n 7, 
so that the following demands are satisfied. 

(*)o All objects listed in ((g))^ + ((g))^ belong to A^. After stage 6 < X of the 
construction, the objects in {<E))'g are known as well as those in (g))^ for 
C e ws. 

rj,rs G P^, rg (0) = ro(0) = p{0), ws C 7, \ws\ = \S\ +1, [j dom(r„) = 
IJ Wa — N n J, wq — {0}, Ws C ws+1 and if S is limit then ws — IJ Wa- 

a<X a<S 

(*)2 For each a < 6 < X we have (V^ G Wa+i){ra{0 = ^s{0) and p < r^ < 

ra <rg < rs. 
(*)3 If e G {j\ws)nN, then 

''sf? II" " the sequence {r~{(,),ra{^) : a < 5) is a legal partial play of 
Do (Q^ , ) in which Complete follows st^ " 

and if ^ G ws+i \ ws, then st^ G A^ is a P^-name for a winning strategy 
of Generic in p ^(^'^(Oi Q?)- (And sto G A^ is a winning strategy of 
Generic in D^;,p,p(p(0), Qo)-) 
(*)4 Ts = (T^^rk^-) is a standard {ws, l)^-tree, Ts ^ [J JJ M<5- 

a<7 ^^wsDa. 
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(*)5 P* = (p* t • ^ € Ts) and = (q^ ^ : t G Tg) are standard trees of conditions, 
Pl<qt' 

(*)6 For t gTs we have that dom{pl ^) = (doin(p) U (J doni(ra) U wg) n Tks{t) 

and for each ^ G doni(p^ j) \ iw^: 

""p^ " if the set {^^(C) : a < 5} U has an upper bound in Qj, 

then pl^tiO is such an upper bound ". 

(*)7 For G iV n 7, ^5,^ G {0, 1} and ps,i,Qs,i are Pj-names for sequences of 

conditions in of length /x^. 
(*)8 If either ^ = = /3or^G Wjs+i \ W/j, /3 < A, then 

Il-Pj " (^a,6?a,4,fa,c : a < A) is a play of D^'^ p_^(r/3(^),Q|) 

in which Generic uses stj " . 

(*)9 ag G wg {ag will be called the lord of stage 5) and 
(V/3 G \ {a^}) (<5 ^ n \ : ^ G n ^} n f| : ^ g + 1)}) • 

(*)io = 0forCGA''n7 \ {a^} and 4,a, = 1- 
(*)ii If t G Tg, vkg{t) = ^ < 7, then for each s < fig 

lit I^P, " m(^) =PM~(e>(0 and = "• 

(*)i2 If io,ii e Ta, rk5(to) = rk5(ti) and ^ e wg Ci Tkg{to), tol^ = ti\(, but 
(*o)j ^ (ii)|, then 

P*,to\i ""'s " conditions are incompatible ". 

(*)i3 Zg is a set of ordinals, \Zg\ = A and for each t GTg with vkg{t) = 7 we have 

<tl^p, (Va<(5)(T„ eZs). 

(*)i4 doni(r^) doni(r5) — [J dom((jf J Udoni(p) and if t G T5, ^ G doin(r5) fl 

teTs 

ikg{t) \ wg, and qft \^ < q eP^, rg\^ < q, then 

q Ihp^ " if the set {vaiO ■ 01 < 6} D {qt.tiO^PiO} lias an upper bound in Qj, 
then rj (^) is such an upper bound " . 

First we fix an increasing continuous sequence {wa : a < A) of subsets of iV n 7 
such that the relevant demands in (*)i are satisfied. Now, suppose that we have 
arrived to a stage 5 < A of the construction and all objects listed in ((8>)^ and 
relevant cases of (see (*)o) have been determined for a < S. 

To ensure (*)o, all choices below are made in A'' (e.g., each time we choose an 
object with some properties, we pick the <* -first such object). 

If (5 is a successor ordinal and ^ G ws\ wg^i, then we let stj G be a P^-name 
for a winning strategy of Generic in DfJ^ ^ ^(r5_i(^), Qj). We also put ia,^ = for 
•all a < S and we pick Pa,i, qa,(, (for a < ^) so that the suitable parts of (*)7 + (*)§ 
at ^ are satisfied. 

Clause (*)4 fully describes Tg. Now we choose the lord of stage 6. If for some 
P G Wg we have 

6 e f]{X\A^,0 : ^ G wg n nf]{A^,^ : ^ G wg\{p + 1)}, 
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then as is equal to this /3 (note that there is at most one j3 ^ ws with the required 
property). Otherwise we let as — 0. Then we put is^as ~ 1 and lls,(, — for all 
^ G W5 \ {as}- 

Next, for each ^ e we choose a P^-name ps,i, such that 

Ihpj " ps^^ = {ps^^{e) : e < fis) is given to Generic by st^ 
as an answer to {£a,^,Pa,i,,<la,(, ■ ct < S)'~'{£s,^) ". 

(Note that \\-p^ " conditions p5^^(eo),_P5,^(ei) are incompatible" whenever Eq < ei < 
Us and ^ e ws-) After this we may choose a tree of conditions = (pf < : ^ G T5) 
such that for each t ^Ts: 

• dom(p^ j) = (dom(p) U IJ dom(rc) U ws) n r^^s{i) and 

Q<(5 

• for ^ e dom(pf () \ w^, _p*_t(C) is the <*-first Pj-name for a condition in 
Of such that 



vi.t \^ " if set {7'a(C) : a < 5} U {p{£,)} has an upper bound in ' 

then J (^) is such an upper bound " , 

piM ((<)«) for ^ e dom(p* J nu;^. 



Using Lemma [2^ we may pick a tree of conditions — {q^ f : t & Ts) and a set Zs 
of ordinals such that 

• pt<qt \Zs\^X, 

• if t e Ts, Tks{t) = 7 then qt^^ Ihp^ (Va < S){t^ e 

• if t £ Ts, rks{t) > as then Ihp^^ P*,t(a<5) <pr 5'lt(a<5)- 
Note that ii e ws and Eq < ei < ^^5, t G T^, rksit) = then 

J Ihpj " the conditions (C), (C) are incompatible ". 

Hence we have no problems with finding P^-names qs^^ (for ^ G w^) such that 

• ll"P(: " qs,(, = (9(5,4 (£) ■ s < ^s) is a sequence of conditions in ", 

• lhp^"~(V£ < 7i5)(p5,c(£) < g5,c(£)) " and Ihp^^" (Ve < Hs){ps^as{£) <pr 
f<5,a,(e)) 

. if t e Ts, rks{t) > then Ihp, g,%(e) = 
Now we define rj ,rs £ P^ so that 

dom(r^) = dom(r5) ~ dom(gf U dom(p) 

and 

• if f e a < S, then r7(,f) = r5(,^) = ra{£.), 

• if £ dom(r^) \ ws, then ?'^(,^) is the <* -first P^-name for an element of 

such that 

''7 " ''7(0 is an upper bound of {ra{£,) : a < S} Li {p{£,)} and 

iiteTs, Tks{t) > ^, and ^ e Fp^ and the set 
{raiO ■■a<S}LI {q^AO^PiO} has an upper bound in Q^, 
then rj{£^) is such an upper bound ", 

and rs{^) is the <* -first P^-name for an element of such that 
\£, 1^P{ " Ts{^) is given to Complete by st^ as the answer to 
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Note that by a straightforward mductfon on ^ G dom(r5) one easily apphes (*)3 
from previous stages to show that , rg are weh defined and rg > > ra,p for 
a < 6. If (5 = we also stipulate (0) — ro(0) = p{0). 

This completes the description of stage 6 of our construction. One easily verifies 
that the demands (*)o-(*)i4 are satisfied. 

After completing all A stages of the construction, for each ^ £ n 7 we look at 
the sequence {£s,^,Ps,(, qs,^ : S < X). For 5 < X such that ^ £ ws let 

Bl^f]{X\Ai^^:Cewsni}nf]{A^,c--C(^ws\i^ + i)}, 

and ioi S < X such that ^ ^ wg put — X. It follows from our assumptions that 
Ihpj (V^ < A)(b| e U^) and thus also Ihp^ A B% £U(^. Note that if (5 is a limit 

ordinal, £, £ wg and (5 G A then also (5 e and hence — ag (remember 
(*)9) and ig^^ = 1 (by (*)io)- Consequently for each ^ e iV n 7 

Ihp^ " {5<A:£5,c = l}e4/? "• 

Therefore, for every ^ G n 7 we may pick a P^-name g(^) for a condition in 
such that 

• if ^ G wp+i \ wi3, 13 < X (or ^ = = /?), then 

I^P, " q{0 > r^iO and q{0 \^Q, {S<X: {3s < ^lg) {qg,^{e) G Tq J } G D[P^+,] ". 

This determines a condition g G P-y (with doni((7) = A^n7) and easily (V/3 < X){p < 
rp < q) (remember (*)2). For each ^ G A n 7 fix P^+i-names Ciji (for* < A) 
such that 

q\{( + l)\^F,+, " (V*< A)(C7« e DnV k fl e^X) and 

(VJ G A C« n A setP(/|))(3e < ^lg){qg,^{e) G FqJ ". 

i<A i<X ~ ~ ~ 

Claim 2.7.1. For each limit ordinal 6 < X, the condition q forces (in P^j that 
" (Ve ewg){6e A C^n A setP(/«)) {3t g Tg) {Ykg{t) = 7 & G FpJ ". 

Proof of the Claim. The proof is essentially the same as that for |RS05[ Claim 3.1], 
however for the sake of completeness we will present it fully. Suppose that r > q 
and a limit ordinal 6 < X are such that 

(ffl)„ r Ihp, " (V^ G wg) {Se AQin A setP(/«)) " . 

i<X i<X 

For each C < 7 fix a P^-name stj for a winning strategy of Complete in Dq{Qq, 0q^) 
such that as long as Incomplete plays 0Qj , Complete answers with 0q^ as well. 

We are going to show that there is t G Tg such that ikg{t) = 7 and the condi- 
tions qf ( and r are compatible. Let (eq, : a < a*} — wg U {7} be the increasing 
enumeration. By induction on a < a* we will choose conditions r^^^r^* G P^^ and 
t = ((t)e^ : a < a*) G Tg such that letting = ((Oe/3 ■ 13 < a) e Tg we have 

(ffl)b qt^t^ <rl andrfe^ <<, 

(ffl)c for every (3 < a and C < £a, 

rf I^Pc " (^^'(C),r-^*(C) : /?' < /3) is a legal partial play of D^(Qc JQc) 
in which Complete uses her winning strategy st^ " . 
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Suppose that a < a* is a hmit ordinal and we have already defined = ((t)ef, : 
13 < a) and {r*p,r*p* : fi < a). Let ^ — sup(e^ : /3 < a). It follows from (ffl)c that 
we may find a condition r* e P^^ such that r* \£, G is stronger than all r^* (for 
/3 < a) and also r*J[£„ea) = Clearly r\ea < r*^ and also q^t^ \^ < r*J^ 

(remember (ffl){, for /3 < a). Now by induction on ^ G [£,,£a) we argue that 
gltg rC < < K- So suppose that ^ < C < and we know j„ \C < r* tC- It 
follows from (*)3 + (*)5 + (*)6 that r*^ K 1^ (Vi < S){n{C) < pl^^. {() < Q^t^ (0) and 
therefore we may use (*)i4 to conclude that 

Finally we let r** G Pg^ be a condition such that for each ( < Sa 

^a* \C "~Pc " '"a*(C) is given to Generic by st^ as the answer to 
^MC)-^r(0 :/3<CMr*(C)> ". 

Now suppose that a = 13 + 1 < a* and we have already defined r^, r^* e P^^ and 
if G Ts- It follows from the choice of q and (ffl)a + (ffl)6 + (*)ii that 

Therefore we may choose e = {tje^ < IJ-s (thus defining t") and a condition r* G P^^ 
such that 

• r*p* < r'a \efi and 

• <l'(e^,ea) = rt(e^,£Q). 

Exactly like in the limit case we argue that r* has the desired properties and then 
in the same manner as there we define r** . 

We finish the proof of the claim noting that t ~ G Tg and the condition r* , 
are such that r*. > r and r*. > ql ^. □ 

Let us use l2.7.1l to argue that q is [N, P-y)-generic. To this end suppose r G -/V is a 
P^-name for an ordinal, say r = Tq, a < A, and let q' > q. Since P^ is strategically 
(<A)-complete we may build an increasing sequence {q[ : i < A) of conditions above 
q' and a sequence (Cf , /f : C G n 7, i<\) such that Cf G £> n V, /f G ^A and 
for each £, ^ Wi 

(vj<*)(c'|-c|&/|r* = /|r*). 

The set {(5 < A : (V$ G W5) (Vj < S){S e C| n setP(/|)) } is in D, so we may choose 
a limit ordinal S > a such that for each ^ G we have 

(5 G A n A setP(/«). 
Then q'g Ih (V^ G e A n A setP(/f)) and therefore, byHZB 

i<\ i<\ 

q's Ih (3iGT5)(rk5(<)=7&gf^, GTpJ. 
Using (*)i3 we conclude 9^- Ih t G ^5 and hence Ih t G iV. □ 
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Remark 2.8. Naturally, we want to apply Theorem 12.71 to 7 = A++ in a model 

where 2'^ = A+, so one may ask if the assumptions (3) + (4) of 12.71 can be satisfied 

in such a universe. But they are not so unusual: suppose that we start with 

V 1= A^'*' = A & 2^^ = A+. Consider the following forcing notion C^+. 

A condition p G is a function p : dom(p) — > 2 such that dom(p) C A+ x A 

and |doni(p)| < A. 

The order is the inclusion. 

Plainly, C<J+ is a (<A)-complete A+-cc forcing notion of size A+. Suppose now 
that G C is generic over V and let us work in V[G']. Put / = IJ^ (^^ 

/ : A+ X A — ^ 2) and for a < A+ and i < 2 let A^, = < X : = «}• 

For a function h : A+ — > 2 let Uh be the normal filter generated by the family 
: a < A+ } . One easily verifies that each Uh is a proper (normal) filter and 
plainly if h, h' : A+ — > 2 are distinct, say h{a) = 0, h'{a) = 1, then A^^ e Uh and 
A\AO = Ai G Uh-. 

3. Noble iterations 

The iteration theorems 11.101 and 12.71 have one common drawback: they assume 
that A is strongly inaccessible. In this section we introduce a property slightly 
stronger than being B-bounding over p and we show the corresponding iteration 
theorem. The main gain is that the only assumption on A is A = A^^. 

Definition 3.1. Let Q = (Q, <) be a forcing notion and p = (P, X,D) be a 2?^- 
parameter on A. 

(1) For a condition p £ Q we define a game Dp^{p,Q) between two players. 
Generic and Antigeneric, as follows. A play of Dp + (p, Q) lasts A steps 
during which the players construct a sequence {fa, '^c^Pa, Qa '■ ce < such 
that 

(a) fa -.a — > Q and fp C /„ for (3 < a, 

(b) Xa ^ Pa and for every rj £ Xa the sequence {fa{v{0) ■ ^ < ct) Q Q 
has an upper bound in Q and if ?7o, '7i 6 '^a are distinct, then for some 
^ < a the conditions fa{vo{0) , fa{vi{0) incompatible, 

(c) pa = {Pa '■ V ^ '^a) C Q is a systcm of conditions in Q such that 
{y^<a){fa{viO) <Pl) fovr^eXa, 

(d) Qa = {Qa ■ V ^ "^a) Q Q a System of conditions in Q such that 

(V?7 e Xa)ipl < il) 

The choices of the objects listed above are done so that at stage a < A of 
the play: 

first Generic picks a function fa ■ a — > Q with the property described 
in (a) above (so if a is limit, then fa — U fp)- She also chooses Xa, 

I3<a 

pa satisfying the demands of (b)+(c) (note that Xa could be empty). 
(D)q Then Antigeneric decides a system qa as in (d). 
At the end, Generic wins the play {fa, Xa,Pa, : a < A) if and only if 
((i))p + there is a condition p* £ Q stronger than p and such that 

p* IhQ " {a < A : (3r; e Xa){ql £ Fq)} e D[Q] ". 

(2) A forcing notion Q is B-noble over p if it is strategically (<A)-complete 
and Generic has a winning strategy in the game L)p + (p, Q) for every p G Q. 
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Note that in the above definition we assumed that P = {Ps : S < X). This was 
caused only to simphfy the description of the game - if the domain oi P is S G D, 
then we may extend it to A in some trivial way without changing the resulting 
properties. 

Observation 3.2. If p is a -parameter and a forcing notion Q is B-noble over 
p, then Q is reasonably B-bounding over p. 

Theorem 3.3. Assume that 

(1) A = A^"** and p = (P, A, D) is a Vi-parameter on X, and 

(2) Q = (Pj, Q{ : ^ < 7) is a X-support iteration such that for every C < 7> 

Ihp^ " is B-noble over p[Pj] 

Then 

(a) P-y = lim(Q) is X-proper, 

(b) for each P-y -name r for a function from X to V and a condition p G Fj 
there are q G and {Aa : a < X) such that \Aa\ < A (for a < X) and 
q > p and 

glhp^ " {a < X : T{a) ^ A„} G D[V^] ". 

Proof (a) Assume that N -< {Hix), e, <*^) is such that <^A^ C N, \N\ = X and 
Q, p, . . . G A''. Let p G NnFj. Choose N = {Ns : 6 < X) and a = {as : 6 < X) such 
that 

• iV is an increasing continuous sequence of elementary submodels of N, 

• a is an increasing continuous sequence of ordinals below A, 

• N = [j Ns, Q,p,p,... gNo,SC Ns, Ps C Ns+i, N\{S + 1) g Ns+i, 

lA^I < A and 

• + otp(7V5 n 7) + 888 < a^+i, a\{5 + 2) G Ns+i. 

Put ws = Ns O'-f and for each ^ < 7 let st° be the <* first name for a winning 
strategy of Complete in <^o{Qi,^Q^) such that it instructs Complete to play 0Qj as 
long as her opponent plays 0q^ . We also assume that whenever possible, 0q^ is the 
<* first name for the answer by st° to a particular sequence of names. Note that 
(sto : C < 7) G Ao. 

By induction on S < X we will construct 

{<S))s Ts,p\q^,rg,rs and fs,i,Xs.^^,p5,i,qs,i,st^ and p^'^ for £, G ws 
so that the following conditions (*)o-(*)i6 are satisfied. 

(*)o Objects listed in (0)5 form the <*-first tuple with the properties described 
in (*)i-(*)i6 below. Consequently, the sequence 

( objects listed in (0)^ : s < 6) 

is definable from N\as, a\S, Q, p, p (in the language C{G, <x))' so if 5 = as 

is limit, then this sequence belongs to iV^+i. Also, objects listed in (0)5 

are known after stage S (and they all belong to N). 
(*)i rg,rsG P^, ws C dom{rg) = doni{rs) andr~{^) = ro{0 = p{0 for ^ G Wq. 
(*)2 For each s < d < X we have (V^ G We+i){rs{^) = rs{^)) and p < r~ < r^ < 

rj < rs. 
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(*)3 If ^ e dom(ri) \ ws, then 

fg \^ ll~Pj " the sequence (r~ {£,),re{0 ■ £ ^ ^) is a legal partial play of 
Do (Q?,0qJ in which Complete follows st° " 

and if ^ G ws+i \ws, then st^ is the <* -first P^-name for a winning strategy 
of Generic in Dp~^{rs{^), Q^). (And for ^ £ wq, st^ is the <*-first P^-name 
for a winning strategy of Generic in ii)p"^(p(0) Q^)- Note that stj G -/Vq for 
^ e Wo and st{ e Na^+i for ^ G 
(*)4 Ts = {Ts, rks) is a {wg, l)T-tree, Tg C \J JJ [PgU {*}) . (Note that we 

a<7 ^Giw^Da 

do not require here that Tg is standard, so some chains in Tg may have no 
<-bounds.) 

(*)5 pi = l^pl:t& Ts) and = {qf :teTs) are trees of conditions, < q^. 
(*)6 For i G we have that dom(pf ) D (dom(p) U (J dom(ra) U wg) n rks{t) 

a<g 

and for each ^ G dom(pj ) \ w^: 

Pt\^ " if the set {rs{^) : e < S}Li {p(C)} has an upper bound in Qj, 

then pf (^) is such an upper bound " . 

(*)7 If C G WI3+1 \ wi3, (3 < 5, then 

ll-pj " (/e,{, Pe.jife,? : s < S) IS & partial play of 
^p^(''/3(C)) Q?) in which Generic uses st{ ". 

(*)8 dom(r^) = dom(r5) ~ [j doui{qf) and if f G T5, ^ G dom.{rg)riT'ks{t)\wg, 

teTs 

and qf < q £ P^, rs\^ < q, then 

q " if the set {ra{0 '■ ct < S} L) {qfiO^PiO} f^as an upper bound in Qj, 

then rj (^) is such an upper bound " . 

(*)9 = : t e Ts k vks{t) < ^ Pj is a tree of conditions (for 

(*)io li C,^ e ws U {j}, C < ^ and t e Ts, vks{t) = C, then pf'^ < pf^. 
The demands (*)ii-(*)i6 formulated below are required only if 5 = is a limit 
ordinal. 

(*)ii If t G Ts, rks{t) =^€ws and Xf = {(s)^ : t<s G Ts}, then 

• either ^ ^ Xf C Pg and pf^ Ihp^ " Xs,^ = Xf ", 

• or X^ = {*} and pf^ Ihp^ " Xs,^ = ". 

(*)i2 If s G Ts, rksis) = C, C G W5 n C and (s)j 7^ *, then 

p'/W^r, ''pg,d{sh)<pl'HO "• 

(*)i3 If C e W5 U {7}, otp(w5 n C) = C then 

• {t eTs : vksit) < ^} C Ns+c+1, {t eTs : vks{t) < ^},{p^'^ : (3 G 
{ws U {7}) n (C + 1)) G Ns+c+2, and 

• if C is limit, then {p^^^^ : f3 e ws Pi ^) e Ns+(;+i, and if t = (ti : i < 
i*) G Ns+c,+i is a <l chain in {t & Ts : rks{t) < Q with sup(rk5(tj) : 
i <i*) = sup(wi n ^), then i has a <-bound in Ts- 

(*)i4 If i G T5, ^ G W5 n r:ks{t) and (i)^ 7^ *, then 
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(*)i5 If to,ti e Ts, iks{to) = Tks{ti) and ^ e ws riiks{to), to\i = ti\^ but 
(to)^ 7^ (ti)^, then 

l( ll-pj " the conditions PtaiO^PtAO incompatible ". 

(*)i6 If r e -A^5 is a P^-name for an ordinal and t €Ts satisfies rk.s{t) = 7, then 
the condition qf forces a value to r. 

The rule (*)o (and conditions (*)i-(*)i6) actually fully determines our objects, but 
we should argue that at each stage there exist objects with properties listed in 

(*)l-(*)l6- 

Suppose we have arrived to a stage S < X oi the construction and all objects 
listed in (®)^ for /3 < 5 have been determined so that all relevant demands are 
satisfied, in particular the sequence ( objects listed in ((g))^ : e < d) is definable 
from N\as, a\S, Q,p,p. 

If 5 is a successor ordinal and £^ £ ws\ wg-i, then we let stj be the <* -first 
Pj-name for a winning strategy of Generic in Dp + (r5_i(^), Qj). We also pick 
the <*-first sequence (/s.^, <t'e,^,iJe,^, ^^.^ : e < 5) so that (*)7 is satisfied. Then 
assuming that 6 is not limit 01 6 as we may find objects listed in ((g))^ so that 
the demands in (*)i-(*)io are satisfied and \{t e Tg : Tks{t) = j}\ = 1. 

So suppose now that ^ = is a limit ordinal. For each ^ 6 we let fs.^ be the 
<*-first P^-namc such that ll-pj"/5,j = [j fa,{\ and Xs,(^,p5,(^ be the <*-first 

Pj-names such that 

ll"P{ " fs,i) '^6,£,iPs,i are given to Generic by stj 

as the answer to {f£,^,Xs,^,pe,(,q£,(, : s < 6) " . 

Note that 

( objects listed in ((g))^ : e < 6)'^{fs,^, Xs,i,ps,(, : ^ € ws) € Ng+i. 

Now by induction on ^ e U {7} we will choose {t GTg : rks{t) < ^} and p*'^ and 
auxiliary objects p*'^ so that, in addition to demands (*)9-(*)i3 we also have: 

(*)i7 P*'^ = (Pt'^ -.teTsk Yks(t) < ^ IP? is a tree of conditions, < p^^^ 
and dom(|5j'^) D (dom(p) U IJ dom(re) U ws) fl T:ks{t) whenever t S T5, 

r:ki{t) < and 

(*)i8 if Co < Ci are from ws U {7}, t G Ts, Tks{t) = ^0, then p^'^° < pl'^\ and 
(*)i9 if i e Ts, y:ks{t) = ^, then dom(p|'^) = dom{pf^) and for /3 G dom(pf^) we 

have 

pf^ \p Ihp, " the sequence {pl\'l{P),pt\'l{l3) : C € K U {7}) n + 1)) is 
a legal partial play of ^oC'Q/S'l^Q/s) i'^ which Complete uses 
the winning strategy st^ " . 

To take care of clause (*)i3, each time we pick an object, we choose the <*-first 
one with the respective property. 

Case 1: otp(w5 n C) = C + 1 is a successor ordinal. 

Let Co = max((i;5 n^) and suppose that we have defined T* = {t G Ts : Tks(t) < Co} 
and p*'i"^p'''i" satisfying the relevant demands of (*)9-(*)i9. Let t G T* be such 
that Tks{t) = Co- It follows from (*)ii that either p^^'^" Ih" Xs,^^ = " or pf^° Ih" 
Xs,(o — -^t " for some non-empty set Xf C P5. In the former case stipulate 
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Xt — {*}■ Note that necessarily X^ C iV^+i and X^ G Ns+c_+2 (remember (*)i3). 
We declare that 

{teTs: r\is{t) <i}^T*yj{tyj {(Co, a)} : t G T* & rks{t) = k a e Xf). 

Plainly, \{t e Ts : rks{t) < C}| < A and even {t £ Tg : rks{t) < ^} C Ns+q+i 
and {t £ Ts : rksit) < ^} G Ns+(^+2 (again, by (*)i3)- Choose a tree of conditions 
p+ = {p+ -.teTsk rks{t) < C so that 

• dom{pf) D (dom(p) U IJ doni(re) U ws) Ci iks{t) for t G Tg, Tks{t) < ^, 

£<l5 

• if < G T5, rksit) < C then p+ = pf^°, 

• if < G T5, rks{t) = and (t)^,-, ^ *, then pfi^o) is a P^^-name such that 

Ptrl°I^Peo "w.?o((i)?o) <P^(Co)", 

• if i G Ts, rks{t) = £, and f3 G dom(p+) \ {£,0 + 1), then 

IP Ihp^ " if the set {re{P) : e < 6} L) {p(/3)} has an upper bound in Qp, 
then pf {(3) is such an upper bound " . 

(Note: G Ns+(^+2-) Next we may use Proposition l0.4l to pick a tree of conditions 
^ {p*'^ : t e Ts k rksit) < such that p+ < p*'^ and 

• if ^ < 7, i G Ts, Tks{t) — ^, then either p^'^ Ih Xs,^ = or for some 
non-empty set X^ C Ps we have Pf'^ !h A's^^ = . 

(Again, by our rule of picking "the <* -first", p*'^ G Ns+i:;+2-) Then we choose a 
tree of conditions = {pf'^ : t e Ts k rks{t) < so that < and for 
every t & Ts with rks{t) = ^ we have dom(p('^) = dom(pj''') and for /3 G dom(p('^), 
pf'^{f3) is the <* -first P^-name for a condition in Qp such that 

pf^|"/3 Ihp^ " pf'^iP) is given to Generic by st° as the answer to 

{p:il{l3),pff^{l3):eewsnO-''{p:'HP)) 

Note that, by the rule of picking "the <* -first", p^'^ G Ns+(^+2- It should be also 
clear that p*'^,p^'^ satisfy all the relevant demands stated in (*)g-(*)ig. 
Case 2: otp(u;5 fl ^) = C is a limit ordinal. 

Suppose we have defined {t € Ts : T:ks{t) < e} and p*''^,p^'^ for e G ws H £. 
By our rule of choosing "the <* -first objects", we know that the sequence ({t G 
Ts : Tks{t) < e},p*'^,p^'^ : e e ws D belongs to iV^+^+i. We also know that 
{t e Ts : Tks{t) < ^} C Ns+c;. Let T+ be the set of aU hmit branches in [{t G 
Ts : iks{t) < <), so elements of r+ are sequences s = ((s)^ : e £ ws D £) such 
that s\e = ((s)e' : e' e ws n e) e {t e Ts : Tks{t) < e} for e e wsCi^. (Of course, 
r+ G Ns+^+i.) We put 

{teTs: Tks{t) <0 = {t^Ts: Tks{t) < U (r+ n Ns+c+i) 6 Ns+c+2- 

Due to (*)i9 at stages e £ ws Ci ^, we may choose a tree of conditions p+ — {p^ : 
tGTs k Tks(t) < C P^ such that 

• dom(pj^) D (dom(p) U IJ dom{r,)L>ws) nrk5(t) for t eTs, rksit) < ^, and 

£<<S 

• if t G Ts, Tks{t) = ^0 < C then dom{p^) 3 dom{pf'^") and for each /3 G 
doni(pj'") n ^0 we have 

p+r/3lhp^ ''pf^°if3)<ptif3) ",and 
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• lit eTs, i-ks{t) = sup(w5 nS,) < (3 < 13 £ dom{pf), then 

pf \I3 Ihp^ " if the set {rdlS) : e < 6} U {p{(3)} has an upper bound in Qp, 
then pf {f3) is such an upper bound " . 

Then, like in the successor case, we may find a tree of conditions p*'^ — {p^'^ : t e 
Ts & Tks(t) < such that p+ < p*'^ and 

• if ^ < 7, t e Tg, rksit) = ^, then either p^'^ Ih Xg^ — (/} or for some 
non-empty set C Pg we have p^'^ If- Xs,^ — . 

Also like in that case we choose p^'i = (pf^ -.teTsk T:ks{t) < 0- Clearly, ah 
relevant demands in (H<)g-(*)i9 are satisfied. 

The last stage of the above construction gives us a tree Ts — {t £Ts : rks{t) < 7} 
and a tree of conditions p^'^ = p^ = {pf : t £ Ts). Since Ts C Ns+otp{ws)+ij '^6 
know that \Ts\ < A so we may apply Proposition 10.41 to get a tree of conditions 

= {qt ■ t £ Ts) > p^ such that (*)i6 is satisfied. Remembering (*)i5 + {*)i2, we 
easily find P^-names qs,( (for ^ G ws) such that 

• Ihp^ " qs^^ — {q5,^{i]) ■ V G "J" (5.?) is a- system of conditions in ", 

• Ihp^ " (V77 e Xs^^){ps,i{v) < qsAv)) and 

• if t e Ts, rksit) > then Ihp, " Xs^^ ^ ^ ^^^(O = "■ 

So then (*)i4 is satisfied. Now we define rj,rs G P-y essentially by (*)i-(*)3 and 

(*)8- 

After completing all A stages of the construction, for each f e n 7 we look at 
the sequence {fa,^,Xa,^,Pa,^,qa,^ : a < X). By (*)7, it is a P^-name for a play of 
^p^C^'^CC)' ^Q?) (where e wp+i \ wp) in which Generic uses her winning strategy 
st^. Therefore, for every ^ G A^ n 7 we may pick a P^-name g(^) for a condition in 
such that 

• if ^ G Wfj+i \ wp, /3 < A (or ^ G wq, (3 = 0), then 

"g(0 > rpiO and q{0 IKq^ {5<\: (3ry G Xs^^){qsM ^ %)} ^ i^P[P«+i]". 

This determines a condition g G P-y (with dom((7) = A^n7) and easily (V/3 < A)(p < 
< q) (remember (*)2). For each ^ G A^ n 7 fix P^+i-names Cigl (for z < A) 
such that 

q\{^ + l) Ihp,^, " (Vi < A)(C7f G i?nV & 4 G ^A) and 

(V<5 G A C« n A setP(5|))(37, G Xs^^){qsM G TqJ ". 

Let _B be a P.y-name for the set {(5 < A : Fp fl A^a G Ns+i). It follows from Lemma 
[mtliat !hp^ B G I^PiP^]. 

Claim 3.3.1. If as = 5 is limit, then 

q \^p, " ifSeB and (V^ ews){Se A (7^ n A setP(g«)) 

then {3t G Ts) {iksit) =-f'k qf G FpJ ". 

Proof of the Claim. Suppose that S — as is a limit ordinal and a condition r > q 
forces (in P.y) that 

(*)20 ^ ^ and 

(*)^o {yfews){5e A C«n A setP(5«)). 
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Passing to a stronger condition if necessary, we may also assume that 

{*)2i if £ P-y n A^5, then either r' < r or r' ,r are incompatible in P^. 

Let = {r' eP^DNs -.r' < r}. It follows from + that 

r Ih" Tp^ nNs^H^ " and e Ng+i. 

Bv l3.1f l)(a)+ (*)7 + (*)o we may choose a sequence r = (T(e, a) : ^ G u;^ & a < 
S) E Ng+i such that 

• lie Q^) is a P^-name for an element of Q^, t{^, a) G Ns, 

Next we choose a sequence t* — ((t*)^ : ^ G u'a) G H (-Fa' ^ {*}) ^^lat for each 

iews 

£, G Wi, is the <*-first member of Ps U {*} satisfying: 

(*)22 if < = r re = : e G W5 n e) G and 

(i) for some non-empty set X C Pg^ pf^ Ihp^ X = Xs,^ (remember (*)ii) 
and there is rj E X such that 

(ii) (Va<<5)(T(e,r;(a))G{r'(0:r'Gi/n), 

then (t*)^ G X and (Va < 6) (r(e, (r)^ (a)) G {/(^ : / G H^}). 

Note that for every ^ G U {7} the sequence t* r^ is definable (in £(g, <* )) 
from p,f, H^,ws,£^ and (p*'^ : e G n e)- Consequently, if ^ G U {7} and 
= otp(u;5 n e), then t* r^ G iV^+^+i. Now, by induction on ^ G U {7} we are 
going to show that t* G Ts and choose conditions r|,r|* G P^ such that 

(*)23 if' i^<rl,r\^<rl and if e G W5 n ^ then r** < r|, and 
(*)23 dom(rp = dom(r|*) and r| < r|* and for every /3 G dom(r|*) 

r|* Ihp^ " {r*{P),r**{P) -.e ewsni^ + 1)) is a partial play of (Q^ , 0q, ) 
in which Complete uses her winning strategy st^ " . 

Suppose that otp(?i'5 H e) is a limit ordinal and for e G H ^ we know that 
t*\e G Ts and we have defined r*,r**. It follows from (*)i3 that t*\£, G Ts. Let 
/? — sup(w5 n e) < It follows from (*)23 that we may find a condition r| G P^ 
such that r|r/3 is stronger than all r** (for e £ ws D £,) and r|r[/3,0 = 
Clearly r\£^ < r| and also qf, r/^ !i \P (remember (*)23 for e £ ws Ci Now by 
induction on a G [/?, S,) we argue that g^. \a < r| r^- So suppose that /3 < a < ^ 
and we know already that qf, \a < r| r^- It follows from (*)3 + (*)5 + (*)e that 

r| r^ ll"P„ < — Pt'\d'^) — 1t*\d^)) ^^'^ therefore we may use (*)8 to 

conclude that 

r^\a Ihp^ qf^i^a) < rs{a) < q{a) < r{a) = r|(Q;), 

as desired. Finally we define r|* G essentially by (*)23- 

Now suppose that otp{ws n e) is a successor ordinal and let = max(w5 n e)- 
Assume we know that t* r^o G Ts and that we have already defined , r|* G . 
It follows from the choice of q and from (*)2o that 

I^Peo " ^(^0) lhQ,„ (3,7 G Xs,i„){qs,iM e %o) "■ 

Thus we may choose r* G P^o+i and rj e Ps such that r|* < r* r^o, r* Ih r(eo) < 
r*{^o) and r* r^o I^p^„ " V e *5.Co & 95.?o('?) < r*{^o) "■ Then rr(eo + 1) < r* 
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and (by (*)7, [3li;i)(c,d)) r*\^o \^p,„ (Va < <5) (1(^0, < r*(Co)) and hence (by 

(*)ii) r\£,o Ih T{^o,via)) < r{^o) for all a < S. Therefore 

(*)i4 for all a<S, t(^o, ??(«)) e : r' G i/*}. 

Since P^l^^^g < tCo (remember (*)23 for ^0 and (*)5) we may use (*)ii to conclude 

that for some non-empty set X (- Ps we got Pj^fo ^^^io ^ ~ ''^^^^o ^^'^ r] & X 
satisfies (ii) of (*)22- Hence {t*)^g e X is such that 

(*)^4 for aU a<S, 1(^0, (**)«„ («)) G Wi^o) : r' G H^}, 
and in particular t*\£, G Ts (remember (*)ii). We claim that {t*)^^ = rj. If not, 
then bv l3.ir i)fb') we have 

r*\£.o (3a < S){t{^o, (i*)^^ (a)), r(^o, ??(a)) are incompatible in Q^J, 

so we may pick a < S and a condition r+ e P^^ such that r* < and 

II-P50 " r(Co, (i*)5o("))>r(^o, ??(«)) are incompatible in Q^^ ". 

However, r+ Ihp^^ " 1(^0, (i*)e„ (a)) < ^(^0) & 1(^0, ?/(«)) < r(Co) " (by i*)^^ + 
(*)24), a contradiction. 

Now we define r* e so that r| \{^o + 1) = r* and r| [•(Co,0 = r\{^a,0- By 
the above considerations and (*)i4 we know that qf, |"(^o + 1) < = r| ^(^o + !)• 
Exactly like in the case of limit otp{ws n ^) we argue that qf, < r|. Finally, we 
choose r** € by (*)^3. 

The last stage 7 of the inductive process described above shows that t* G Ts and 
qf* ^ T ^ fj- Now the claim readily follows. □ 

We finish the proof of part (a) of the theorem exactly like in the proof of 12.71 
(b) Included in the proof of the first part. □ 

4. Examples and counterexamples 

Let us note that our canonical test forcing Qf is B-noble: 

Proposition 4.1. Assume that E,E are as in \l.ll\ and p = {P,S,D) is a V£- 
parameter on A such that \ \ S E E . Then the forcing is B-noble over p. 

Proof. The proof is a small modification of that of ll.l2f 2). First we fix an enumer- 
ation {i^a : a < X) — ^^A (remember A^'^ = A), and for a < A let f{a) G be a 
condition such that root(/(Q;)) = Va and 

(Vi/ e /(a)) (i/a < ^ succ/(a)(t/) = A). 

Let p G Q^. Consider the following strategy st of Generic in Dp + (p, Q^). In the 
course of the play Generic is instructed to build aside a sequence {T^ : ^ < A) so 
that if (/^, X^,p^,q^ : ^ < X) is the sequence of the innings of the two players, then 
the following conditions (a)-(d) are satisfied. 

(a) G Q| and if ^ < C < A then p^Tq^T^^Tq and T^; n « A = n « A, 

(b) if C < A is hmit, then = f| T^;, 

c<e 

(c) if C e S", then 

• f^ = f\S. and C is a maximal set (possibly empty) such that 

(a) for each 77 G A'j the family {f{'r]{a)) : a < ^} U {T^} has an upper 
bound in Q| and lh(U{i',,(a) ■ a < O) = t 
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(/3) iiijo, iji e are distinct, then for some a < ^ the conditions /(?7o(a)), 
/(771(a)) are incompatible, 

• for 77 e the condition is an upper bound to {f{'ri{a)) : a < ^} U {T^}, 

• T5+1 = U{9^ : ry e A'J U U {(T5). : 1/ G «A n and 1/ ^ p« for r; G -Y^}, 
(d) a US, then - 0, - /fe and T^+, = T^. 

After the play is over, Generic puts p* — f] ^^A. Almost exactly as in 

the proof of 11.12( 2). one checks that p* G Qf is a condition witnessing (®)p^ of 
CTl). □ 

Definition 4.2. Let i?, E be as in ll.lll We define a forcing notion as follows. 
A condition p in is a complete A-tree p C ^'^'A such that 

• for every v € p, either |sucCp(i^)| — 1 or sucCp(i^) G E,^, and 

• for some set ^ G we have 

{Viy Gj3)(lh(i/) G ^ ^ succp(i^) G -E^). 

Tiie order <—<pE is the reverse inclusion: p < q if and only if [p, q G Pf and ) 
9 ^ p. 

Proposition 4.3. Assume that E,E are as in \l.ll\ and p = {P,S,D) is a V£- 
parameter on A such that X \ S £ E . Then P^ is a {<X)-complete forcing notion 
of size 2'^ which is B-noble over p. 

Proof. The arguments of l4.1l can be repeated here with almost no changes (a slight 
modification is needed for the justification that p* G Pf ). □ 

We may use the forcing Pf to substantially improve |RS05| Corollary 5.1]. First, 
let us recall the following definition. 

Definition 4.4. Let be a filter on A including all co-bounded subsets of A, ^ J-. 

(1) We say that a family _F C '''A is J- -dominating whenever 

(V.g G ^A) (3/ eF){{a<\: g{a) < f{a)} G T) . 

The J^-dominating number djr is the minimal size of an J^-dominating 
family in ^A. 

(2) We say that a family F C -^A is T-unhounded whenever 

(V.g G ^A)(3/ G ^^)({a < A : 5(a) < /(«)} G 

The J-"-unbounded number bjr is the minimal size of an J^-unbounded 
family in ^A. 

(3) If F is the filter of co-bounded subsets of A, then the corresponding dom- 
inating/unbounded numbers are also denoted by Oa, ^a- If is the filter 
generated by club subsets of A, then the corresponding numbers are called 
f ci, bci- 

Corollary 4.5. Assume A — . 2^ — A+. Suppose that p = {P,S,D) is a 
Vi-parameter on A, and E is a normal filter on A such that X\S £ E. Then there 
is a A++-CC X-proper forcing notion P such that 

Ihp " 2^ = \++ = bEr^ Ofip = Oa & bA = boip] = 5d[p] = A+ ". 
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Proof. For G ^^A let be the filter generated by clubs of A and let E = {Ey : 
V G ^^\). Let Q = (P^,Q^ : ^ < A++) be a A-support iteration such that for every 
^ < A++, Ihpj " = Pf ". (Remember, we use the convention that in V''« the 
normal filter generated by E is also denoted by E etc.) Let P = Pa++ = liin(Q)- 

It follows froni l3.3r a')-t- l4.3l that P is A-proper. Using [RSI Theorem 2.2] (see also 
Eisworth pIsOSi §3]) we see that P satisfies the A++-cc, Ihp 2^ = A++ and P is 
(<A)-complete. Thus, the forcing with P does not collapse cardinals and it also 
follows from l3.3f b) that 

Ihp " ^A n V is £)[P] -dominating in ^A ". 
It is also easy to check, that for each ^ < A^"*" 

Ihp " ^A n is not £'-unbounded in ^A " 
and hence we may easily conclude that Ihp" b^jF = 2'^ " . □ 

Definition 4.6. Assume that 

• A is weakly inaccessible, A^^ = A, 

• H : A — > A is such that |q;|"'" < |H(a)| for each a < A, 

• is a normal filter on A, F = {Fu : G U 11 H(^)) where Fy is a 

(<|a|"'')-complete filter on H(q;) whenever G H H(^), a < A. 

We define forcing notions 'Q^ p and P^^ as follows. 

(1) A condition p in is a complete A-tree p C |J J| H(^) such that 

a<A5<Q 

(a) for every v E p, either |sucCp(j/)| ~ 1 or sucCp(;^) G F,j^ and 

(b) for every 77 G \mi\{p) the set {a < A : sucCp(77|'Q!) G F,^\a} belongs to 
F. 

Tiie order of ^ is the reverse inclusion. 

(2) A condition p in P^^ is a complete A-tree P ^ |J J| H(^) satisfying 

(a) above and 

(b)+ for some set A G we have 

(Vi^ ep){\\i{v) ^ A => succp(j/) G FJ). 
The order of P^ „ is the reverse inclusion. 

F.F 

Proposition 4.7. Assume that X,ii,F,F are as in \4.6\ Let p = {P,S,D) be a 
-parameter such that X \ S G F. Then both Qp: p and p are strategically 
{<X)-complete forcing notions of size 2'*' which are also B-noble over p. 

Proof. Like [rTW 2). imH31 □ 

The property of being B-noble seems to be a relative of properness for D-semi 
diamonds introduced in |RS01| and even more so of properness over D -diamonds 
studied in Eisworth [Eis03' . However, technical differences make it difficult to 
see what are possible dependencies between these notions (see Problem 17. 2p . In 
this context, let us note that there are forcing notions which are proper over semi 
diamonds, but are not B-noble over any P^-parameter p. Let us consider, for 
example, a forcing notion P* defined as follows: 
a condition in P* is a function p such that 
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(a) doni(p) C A+, rng(p) C A+, |doni(p)| < A, and 

(b) if ai < a2 are both from dom(p), then p{ai) < a2', 
the order < of P* is the inchision C. 

Proposition 4.8 (See |RS01[ Prop. 4.1, 4.2]). P* is {<\)-complete forcing notion 
which is proper over all semi diamonds. 

Proposition 4.9. P* is not B-noble over any Di-parameter p on A. 

Proof. Let 5 e P* be such that that A e doni((7) and let Wq be a P*-name such 
that I hp. " Wo = UTp. \X ". Clearly 

q Ihp. " Wq is a function with dom(VKo) ^ ^ £^iid rng(M^o) ^ ^'^ "• 

Let be a P*-name for a member of ^A such that 

q Ihp. " 1^0 C If and (Va e A \ dom(Tf n)) {W{a) = a) ". 

Now suppose that p = (P, S", D) is a I?£-parameter and {A^ : a < A) is a sequence 
of subsets of A such that \Aa\ < A for a < A. The following claim implies that P* 
(above the condition q) is not B-noble over p f remember 13. Sf b)). 

Claim 4.9.1. Ihp. " {a< A : W{a) e A^] D\^*] ". 

Proof of the Claim. Suppose that p > q and Bi,fi (for i < X) are P*-names for 
members of I? n V and members of '^A, respectively, such that 

p Ihp. " A n A setP(/,) C {a < A : W{a) G A^} ". 

Build inductively a sequence {pi , Bi, ft : i < X) such that for each i < X: 

(i) Pt p <pa <pj < Pi for j < I, 

(ii) BiGDnV, fie^X and 

(iii) Pi Ihp. " Bi = Bi and fj \i ~ fj \i for all j < i" , and 

(iv) i < sup (dom(pi) n A). 

Since B = A Bi D A setP(/i) G D, we may pick a limit ordinal S E B such 

that (Vi < (5)(sup((dom(pi) U rng(pj)) n A) < 5). Put a = swp{As) + 888 and 
p+ = y Pi U {((5, a)}. Then p+ G P* is a condition stronger than all pi for i < (5 

and p+ Ihp. " (5 G A _Bj n A setP(/i) and W{5) a ^ A^- ", a contradiction. □ 

A similar construction can be carried out above any condition q such that for 
some a G dom((7) we have cf(a) = A (the set of such conditions is dense in P*). □ 

5. Q| vs Pf AND Cohen A-reals 

The forcing notions Qf and Pf (introduced in 11.111 and 14. 2[ respectively) may 
appear to be almost the same. However, at least under some reasonable assumptions 
on E, E they do have different properties. 

Suppose that V C V* are transitive universes of ZFC (with the same ordinals) 
such that <'^A n V = <-^A n V*. We say that a function c G -^2 n V* is a A-Cohen 
over V if for every open dense set U C '^^2 (where ^'^2 is equipped with the partial 
order of the extension of sequences), C/ G V, there is a < A such that cfa G C/. 

Proposition 5.1. Assume that 
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(a) X is a strongly inaccessible cardinal, 

(b) S is the set of all strong limit cardinals k < X of countable cofinality, 

(c) E is a normal filter on X such that S & E, 

(d) E = {El, : V e ^-^A) is a system of {<X)-complete non-principal filters on 
A. 

Then the forcing notion Pf adds a X-Cohen over V. 

Proof. Let k £ 5. We will say that a tree T C is n-interesting if 

(0)0 I limK(T)| = 2** and for some increasing cofinal in k sequence : n < w) C 
K we have 

(Vn < w) (Viy e T) (lh(z/) <6n ^ sup (rng(z/)) < ^„+i). 

Note that there are only 2*^ many /t-interesting trees (for k G S). Therefore we 

may fix a well ordering of the family of ^-interesting trees of length 2** and choose 
by induction a function : '^k — > "^"2 \ {()} such that 

(0)1 if T C is a K-interesting tree, then 

(Va e <^2 \ {(>}) (3r? e lim.(T)) (/.(r?) = a) . 

Let W be a P| name such that W = U {root(p) : p e rpg}. Plainly, \\- W G 

^X. Next, let C be a P|-name such that W-pE C = {k G S :W\k € ''k} and let r 

be a Pf -name such that 

\\-pE " T is the concatenation of all elements of the sequence 

{fn{W\n):KGC), i.e., r = (...-'/,(TfrK)^--->«ec". 

Plainly, Ih t G '''2 (remember, () ^ rng(/K) for k G S). 
We are going to argue that 

hpE " T is A-Cohen over V ". 

To this end suppose that U C <^2 is an open dense set and p G Pf . Let 

B = {kg S : {\/r] Gpn'^X) (sucCp(r?) G i;^) } 
(so B G E). By induction on n < w choose T„ so that 
(0)2 G B, Sn < Sn+i, Tn C -*"A is & Complete tree (thus every chain in T„ 
has a <-bound in T„), 

(0)3 r„ c T„+i c r„+i n ^-A = t„ n ^-A, To c <^os^^ \To n ^«(5o| = i, 

(0)4 if 1/ e T„ n <^''A, then succt„(!^) 7^ and 

2 < |sUCCT„(i^)| lh(!/) G {5o,---,^n-l}, 

(0)5 if G T^+i n ''"A, then |succt„+i(!^)| = Sn and 

sup (rng(i/)) < dn+i < min (succt„+i(!^)). 
Next put K = sup(5„ : n < co) and T = (J T„. Clearly k G S and T C <'^/t is a 

n<uj 

K-interesting tree such that 

(Vt? G lim«(T)) (k = mm{S G S : So < 6 v\S G ^S}) . 

Let To n ^"So = {m} and C(7?o) = {(^ G 5 n ((5o + 1) : 7?o ff^ G ''^}, and let tq 
be the concatenation of all elements of the sequence {fs{rio\d) : S G C(?7o)), i.e., 
TO = {■■■'^f6{m\S)'^---)5eC{vo) e ^^2. Pick a G <^2 such that To<a G U. It 



30 



ANDRZEJ ROSLANOWSKI AND SAHARON SHELAH 



follows from (0)1 that we may find rj G limK(T) such that a = To'^fni'T]). Now note 
that {p)n cr<T. □ 

Proposition 5.2. Assume that 

(a) X is a measurable cardinal, 

(b) E = {El, : V £ ^^\) is a system of normal ultrafilters on A, 

(c) E is a normal filter on \, 

(d) p G Qf and t is a Q^-name such that p Ih r e ^2, 

(e) S = {5a : a < \) is an increasing continuous sequence of non-successor 
ordinals below A such that 5q — Q and 2^ ° < |i5c[+i| for all a < \. 

Then there are a condition q G and a sequence {Aa : a < X) such that 

(i) q>p and Aa C ['5a,*a,+i)2, \Aa\ < \5a+i\ for a < X, and 

(ii) q ll-Qi (Va < X){T\[Sa,Sa+i) e Aa). 

In particular, the forcing notion Qf does not add any X-Cohen over V. 

Proof. Let {va : a < A) be an enumeration of ^"^A such that fa<^'/3 implies a < (i. 
By induction on a < A we will construct a sequence {Aa,Pa,Xa : a < A) so that 

for each a < A we have: 

(K)l Aa C [*-.5- + i)2, \Aa\ < \da+l\, Pa E Q|, Xa C Pa, < da, 

(^1)2 if a < /3 < A, then pa < pp and Xa C Xp, 

(^1)3 pq = p, Xq = {root(po)}, and if a is limit then Pa = f] P0 ^^'^ = 

I3<a 

U Xp, 

(Kl)4 if z/ e Xa+1, then succp^(z^) £ E,y, 

(Kl)5 if a is limit, v G and a € H sucCp^(i/), then for some 77 G X^+i we 
have v^{a) < 77, 

(Kl)6 if G Pq, then there is 77 G Xa+i such that Va ^ V and if (additionally) 

sucCp^ {fa) G -Bj/^ , then rj = i^a, 
(Kl)7 if a is Hmit and e "a Ci Pa and sucCp^(z^) G i^i/, then G X^+i, 

(K)8 Pa+1 lhTr[<5a,<5a+i) G Aa- 

Suppose that we have determined P0,Xp for /? < a and for /3 + 1 < a so that 

the relevant instances of (K)i-(K1)8 arc satisfied. If a is limit or 0, then pa, Xa are 
defined by (^1)3 (and Aa will be chosen at the next step). One easily verifies that 
Pa,Xa satisfy the requirements in (IEl)i-(IEl)4. 

So suppose now that a = 7 + 1 (and we have defined p-y, X-y and A^ for /3 < 7). 
We may easily choose a set Xa C such that 

(^1)9 X^ C Xa, \Xa\ < Sa and Xa satisfies (K1)4--(K1)7 (with a there correspond- 
ing to 7 here), and 
(H)io if 7?o, 7?i G Xa, V = r]or\r]i, then G Xa, and 

(Kl)ii if {rj^ : ^ < Q C Xa is <-increasing, then there is 77 G Xa such that 

(ve<C)(%<??). 

Next, for each 77 G Xa choose a function cr,, : [6y,6-y+i) — > 2 and a condition 

Qri <= Qf SO that 

(K)i2 root(g,,) = 77, (p-y)„ < g,,, {W G Xa)(77<]z^ z^(lh(?7)) ^ succ5^(77)) and 

9r) II- rr[^7,'^7+l) = O-,,. 
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(Possible by assumption (b) and 12.41 ) Put Pa ~ U 9v ^'^d ~ {cr,, : rj e Xa}. 

Plainly, | | < \Xa \ < S^+i and Pa & Qf (to verify that Pa is a complete A-tree use 
(K)io + (Kl)ii; the other requirements easily follow from the fact that \Xa\ < A). 
One also easily checks that pa zli^-yj ^-y+i) G A^. 

After the inductive construction is carried out, we put q = C] Pa- It follows 

a<\ 

from (KI)2 + (Kl)5 + (Kl)g that q is a complete A-tree, |sucCg(j^)| = 1 or sucCq(i^) S 
for each v (z q, and 

[J Xa ^ {i^ e q : succ5(z^) G E^}. 

Suppose now that rj £ limA((7). Then for each a < A we have 77 G limA(pa) and 
hence Bq, =^ < A : sucCp^ (77 ) G E,,^^} G E. Let 

C = {S < X:S is limit and t]\S e ^6} 

(it is a club of A). Since i? is a normal filter, C fl A G E. Suppose S G 

Cn A Ba- Then by (K)3 + (Kl)7 we have t]\S e Xs+i and thus sucCq(77fJ) G £'^^5- 

Consequently, q G . 

Finally, it follows from {^)s that q Ih (Va < A) {zUSa, S^+i) G A^). □ 

Let us note that forcing notions of the form may add A-Cohens if the filters 
El, are far from being ultrafilters. 

Proposition 5.3. Assume that 

(a) E is a normal filter on X — X^^ , 

(b) E — {Ey : V G ^^A) is a system of {<X) -complete filters on X, 

(c) for every v G ^'''A there is a family {A'^ : a < X} of pair wise disjoint sets 
from (£'1,)+. 

Then both the forcing notions and add X-Cohens over V. 

Proof. We will sketch the argument for only (no changes are needed for the 
case of P|). 

For each v G ^'''A choose a function /i^ ; A — > "^^2 \ {()} such that 

(Va G <^2)(3a < A)(Ve G A-^){h,{0=^). 

Let be a Qf-name such that Ih^s = U {root(p) : p G F^e} and let r be a 
Q^-name such that 

II-qe " T is the concatenation of all elements of the sequence 
(Wr«(l^^(e)) :C< A), i.e.. 

One easily verifies that Ih" t G ^2 is a A~Cohen over V ". □ 

The result in l5.2l would be specially interesting if we only knew that it is preserved 
in A-support iterations. Unfortunately, at the moment we do not know if this is true 
(see Problem 17. 3f l)). However, we may consider properties stronger than adding 
A-Cohens and then our earlier results give some input. 
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Definition 5.4. Suppose that V C V* arc transitive universes of ZFC (with the 
same ordinals) such that <^A n V = <^A n V*. We say that a function c G ^2 n V* 
is a 

(1) strongly^ X-Cohen over V if it is a A~Cohen (i.e., for every open dense set 
U C ^^^2 from V there is a < A such that c\a S U) and 

(©) if {ria,l3a : a < A) e V is such that a < < A and rja e ["^^°)2 for 
a < A, then 

V* ^ {a < A : 77q, ^ c} is stationary; 

(2) strongly® \-Cohen over V if it is a A-Cohen and 

(ffi) if {ria,l3a : a < A) e V is such that a < j5a < X and rja G ["'^°)2 for 
a < A, then 

V* 1= {a < A : C c} is stationary. 

(3) More generally, if Z) is a normal filter on A, 13 G V then we say that c G 
^2 n V* is D-strongly® X-Cohen over V if in (©) we replace "stationary" 
by "G {D^ )+" (where is the normal filter generated by D in V*). 
Similarly for strongl-ij® . 

Remark 5.5. (1) To explain our motivation for 15. 4[ let us recall that if c G '''2 
is A-Cohen over V and {rja , /3a : a < A) G V is such that a < < A and 
r]a G ["'^°)2 for a < A, then 

V* \= " both {a < A : 77q C c} and {a < X : r]a c} are unbounded in A ". 

(2) Let {r]a,l3a : a < A) G V be such that a < /3a < A and r]a G ["''^°)2 for 
a < X. Let C = (^^2, <j) (so this is the A-Cohen forcing notion) and let c 
be the canonical C-name for the generic A-real (i.e., Ihc c — (jFc). Let Q 
be a C-name for a forcing notion in which conditions are closed bounded 
sets d C X such that (Va G d){ria C c) ordered by end extension. Then 
C * Q is essentially the A-Cohen forcing and 

ll-C*Q " c is not strongly® A-Cohen over V ". 

Hence, if we add a A-Cohen then we also add a non-strong® A-Cohen. 

(3) Note that strongly® X-Cohen implies strongly® X-Cohen. (Simply, for a 
sequence {rjaiPa : a < A) consider (1 — 77^, /3q, : a < A).) 

Proposition 5.6. Assume that X is a strongly inaccessible cardinal and p = 
{P,X,D\) is a Vi-parameter such that Ps = ^6 and Dx is the filter generated 
by club subsets of X. 

(1) // a forcing notion Q is reasonably B-bounding over p, then 

ll-Q " there is no strongly® X~Cohen over V ". 

(2) If Q = (Pq, Qa : Q < 7) is a X-support iteration such that for every a < X, 

II^Pq " Qq is reasonably B-bounding over p[Pq] 

then 

Ihp^ " there is no strongly® X-Cohen over V ". 
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Proof. (1) Note that, in V^, Dx[Q] is the fiher generated by clubs of A. 

Let p E Q and let 77 be a Q-name such that p Ih 77 G ^2. Let st be a winning 
strategy of Generic in the game Dp~^{p, Q). 

Let us consider a play of Dp~^{p,Q) in which Generic follows the instructions 
of st while Antigeneric plays as follows. In the course of the play, in addition to 
his innings q", Antigeneric constructs aside a sequence (kq., (r?f : t E la) : a < A) 
such that if {Pt,qf ■ t S /„) : a < A) is the sequence of the innings of the two 
players then the following two demands are satisfied. 

(□)i Ka is a cardinal such that 2l^°l+"+^o < and T]f e '^"2 (for t e la), 

(□)2 Qt ll"Q vli^a = Vt for each t € la- 
Since the play is won by Generic, there is a condition q > p such that 

q \\-Q " {a < A : (3t G Ia){qt G Lq)} contains a club of A ". 
It follows from (□)! that for each a < A we may choose ej^ < e\ from the in- 
terval (a, Ka) such that (V< G Ia){jiit{^V) — Vti^a))- For each a < A choose 
Va ■ [a, i^a) — > 2 so that Vai^a) — ^ Vai^a) = 1- Then 

q IKq " {a < a : i^q ^ 77} contains a club of A ". 

(2) Similar, but we have to work with trees of conditions as in the proof of ll.lOl □ 
6. Marrying B-hounding with fuzzy proper 

In this section we introduce a property of forcing notions which, in a sense, 
marries the B-bounding forcing notions of |RS05[ Definition 3.1(5)] with the fuzzy 
proper forcings introduced in [RSO?) §A.3]. This property, defined in the language 
of games, is based on two games: the servant game which is the part 

coming from the fuzzy properness and the master game Dg'g*™ which is related to 
the reasonable boundedness property. Later in this section we will even formulate 
a true preservation theorem for a slightly modified game. 

In this section we assume the following: 

Context 6.1. (1) A is a strongly inaccessible cardinal, 

(2) Z) is a normal filter on A, 

(3) S E D,0 ^ S, all successor ordinals below A belong to S, X\S is unbounded. 

Definition 6.2. Let Q be a forcing notion. 

(1) A Q-servant over is a sequence q — (qf : S E S &c t E Is) such that 
\Is\ < A (for SeS) and q^^ S Q (for ,5 e S", t e h). 

(2) Let 9 be a Q-servant over S and q E Q. We define a game 35™"'(9' 1: Q) 
as follows. A play of ^^^"'(q, q, Q) lasts at most A steps during which the 
players, COM and INC, attempt to construct a sequence {ra,Aa : a < X) 
such that 

• fa E Q, q < ra, Aa E D and a < /3 < X ra < rp. 

The terms Tq, , Aa are chosen successively by the two players so that 

• if a ^ 5, then INC picks ra,Aa, and 

• if a e 5", then COM chooses ra,Aa- 

If at some moment of the play one of the players has no legal move, then INC 
wins; otherwise, if both players always had legal moves and the sequence 
{ra,Aa : a < X) has been constructed, then COM wins if and only if 
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(0) (V(5 e 5) ([(5 e f] k S is limit ] ^ {3t e Is){qf < rs)). 

a<S 

(3) If COM has a winning strategy in the game q, Q), then we will 

say that q is an {S, D)-knighting condition for the servant q. 

Definition 6.3. Let Q be a strategically (<A)-complete forcing notion. 

(1) For a condition p £ Q we define a game 35'^*"('?,Q) between two players, 
Generic and Antigeneric. The game is a small modification of Dp''^(p, Q) 
(see ll.Sp — the main difference is in the winning condition. A play of 
^master ^p^Q^ lasts A steps and during a play a sequence 

(^Ia,{Pt,qt -.t e Ic) : a < Xj 

is constructed. Suppose that the players have arrived to a stage a < A of 
the game. Now, 

first Generic chooses a non-empty set la of cardinality < A and a 
system {pf : t € la) of conditions from Q, 
(3) a then Antigeneric answers by picking a system (gf : t E la) oi condi- 
tions from Q such that (yt G Ia)ipf <qf)- 
At the end. Generic wins the play {la,{pf,qt : i G /q) : a < A) of 
if and only if letting g = (gf : a £ 5 & i £ /c,) (it is a 
Q-servant over S) we have 
(®)mastor there exists an (S*, £))-knighting condition q > p for the servant q. 

(2) A forcing notion Q is reasonably merry over {S, D) if (it is strategically 
(<A)-complete and) Generic has a winning strategy in the game ii)™'g*''''(p, Q) 
for any p G Q. 

Theorem 6.4. Assume that X,S,D are as in \6.1\ Let Q — (P^jQa : a < 7) he a 
X-support iteration such that for each a < 

II"Pq " Qq is reasonably merry over (S, D) ". 

Then 

(a) P-y — lim(Q) is X-proper, and 

(b) for every ¥^-name r for a function from A V and a condition p G P-y, 
there are q > p and {A^ : ^ < A) such that (V^ < A)(|ylj| < A) and 
q\^ "{e<A:r(e)GAaG(i^^-')+ ". 

Proof, (a) The proof starts with arguments very much like those in |RS051 Theo- 
rems 3.1, 3.2], so we will state only what should be done (without actually describ- 
ing how the construction can be carried out). The major difference comes later, in 
arguments that the chosen condition is suitably generic. 
Suppose that ^ (■H(x), G, <* ) is such that 

<^N'ZN, \N\^ X and Q,S,D,... e N. 

Let p E N nPj and (tq, : a < X) list all P^-names for ordinals from N. For each 
^ G n 7 fix a P^-name st° G A^ for a winning strategy of Complete in Dq (Q^ , ) 
such that it instructs Complete to play 0q^ as long as her opponent plays 0Qj . 

Let us pick an increasing continuous sequence {ws : S < X) oi subsets of 7 such 
that y ws ^ N (I'-f, W() = {0} and jw^l < A. 

<5<A 

By induction on S < X choose 
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{M)s Ts,p^,q^,rg,rs, (£5,{,P5,{,f5,{ : e ws), and stj for ^ G ws+i \ ws 

so that if the following conditions (*)o-(*)ii are satisfied (for each ^ < A). 

(*)o All objects listed in (Kl)^ belong to A'' and they are known after stage 6 of 
the construction. 

(*)i '''s ^''"s S IP7) ^0 (0) = ToiO) = p(0), and for each a < 6 < X we have 

(V^ e Wa+i){ra{0 = i^siO = rsiO) and p < r" < < < rs- 
(*)2 If ^ G doni(r5) \ wg, then 

i~5\^ ll~ " the sequence {r~ {S,),ra{£,) : a < 5) is st legal partial play of 
3o(% JqJ in which Complete follows st^ " 

and if C G ws+i \ws, then stj is a Pj-name for a winning strategy of Generic 
in Ds.'g*'"'(r5(0, Qf) such that if {pf : t e 1^) is given by that strategy to 
Generic at stage a, then is an ordinal below A. Also sto is a suitable 

winning strategy of Generic in ^^^''^'^(^(O), Qo)- 
(*)3 Ts = (Tsjiks) is a standard {ws, l)^-tree, \Tg\ < A. 

(*)4 = : t G Tg) and = {qf ■ t G Tg) are standard trees of conditions in 

Q, p^ < (f. 

(*)5 If t G Ts, vVs{i) = 7, then the condition decides the values of all names 

(tq : a < 5). 

(*)6 For t & Ts we have (dom(p) U (J dom(ra) U ws) fl y:'ks{t) C dom(pj) and 

a<S 

for each ^ G dom(p() \ wg: 

Pt \^ ""Pf " if the set {ra{£,) : a < S} Li {p{£,)} has an upper bound in Qj, 
then is such an upper bound ". 

(*)7 If ^ G Ws, then ss,^ is a P^-name for an ordinal below A, Ps,(,,q6,(. are 

Pf-names for e^^j-sequences of conditions in Qj. 
(*)8 If ^ G ws+i \ Ws, then 

I^Pj " (fa,€.Pa,€,fa,? : a < A) is a play of "('^5(0, Q«) 

in which Generic uses st^ " . 

(*)9 If < G Ts, Tks{t) = C < 7: then the condition pf decides the value of es,^, 
say pf l^"es^^ = el^^" , and {(s)^ : t<is G Ts} = e^^^ and 

qf Ihp, " Ps,^{e) < and qs,^{e) = qf^^,^{0 for e < 8%^ ". 

(*)io If tn,ti G Ta, rk5(to) = rks{ti) and ^ G n rk5(to), totC = but 
(^o)^ ^ (ii)^, then 

Pto t? ""Pj " th"^ conditions (C) j Pti (C) arc incompatible ". 

(*)ii dom(r^) = dom(r5) — \J dom(gj ) U dom(p) and if i G T^, ^ G dom(r5) fl 

teTs 

iks{t) \ Ws, and qf \^ < q € F^, rs\£, < q, then 

q Ihp^ " if the set {rdO ■ ot < 6} U {qfiO^PiO} lias an upper bound in Qj, 
then (^) is such an upper bound " . 

After the construction is carried out we define a condition r G P-y as follows. We 
let dom(r) = N Ci-y and for ^ G dom(r) we let r(^) be a P^-name for a condition 
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in such that if C G Wa+i \ Wa, a < \ (or ^ = = a), then 

1^P{ "''(C) ^ ''ct(C) is an (5*, £>) -knighting condition for the servant 

f''^'{qsd£):5(.Ske<es,i) ". 

Clearly r is well defined (remember (*)8)- Note also that rg < r for all S < X and 
p < r. We will argue that r is an (A^, P^)-generic condition. To this end suppose 
towards contradiction that r* > r, a* < X and r* Ih Tq,* ^ A^. 

For each ^ G iV n 7 fix a P^-name st| for a winning strategy of COM in the 
game 35™"*(g^, ?'(C): Q^)- Moreover, for each ^ < 7 fix a P^-name st" for a 
winning strategy of Complete in c)q(Q^,0q^) such that it instructs Complete to 
play 0Q^ as long as her opponent plays 0Qj . 

By induction on 5 < A we will build a sequence 

(r|, r+, (A| ^, 4^ :*<A&ee^n7):<5<A) 

such that the following demands (*)i2~(*)i6 are satisfied: 
(*)i2 < G P7, r* < < r+ < r| for a < 5 < A, 

(*)i3 A^g ■ is a P^-name for an element of I? n V (for ^ G iV H 7, i < A), 
(*)i4 if (5 e A \ 5 and e e then r| Ihp, (Va < J)(Vz < <5)(Ai ^ = 4 J, 
(*)i5 if < 5 < A and 1^ S w^+i \ W/3, then for some P^-names (s^ : a < /3) we 
have 

r| 1^ " the sequence {§1 A A^^ : a < /3)^(r;(0, A A^^ : /3 < a < 6) 

is a legal partial play of Df^^'"'\q^, r(^), Q^) 
in which Generic follows st^ " , 

(*)i6 dom(r^) = dom(r|), r'^ \ws = rg\ws and for each ^ G dom(r^) \ ws we 
have 

r'glS, Ih " the sequence (0 j ''^ (C ) • ^ — ^) is a legal partial play of 
Dq(Q5,0qJ in which Complete follows st^ ". 

So suppose that we have arrived to a stage (5 < A of the construction and 

• '"a: ''^ for a < 

• ■ for i < A, a < (5 and ^ G IJ 

^<<5 

• 4 j for a, I < sup((5 \ S) and ^ G IJ 

/3<sup(S\S) 

have been determined. 
Case 1: S ^ S. 

Note that by our assumption on S fin 16. ip . (5 is not a successor ordinal, so = 
IJ Wa (or (5 = and wq = {0}). By (*)i6 + (*)i5 we may choose a condition r| 

stronger than all (for a < S) and stronger than r* and such that for each ^ G 

• a a < S and i < (5, then r| forces a value to A^ j, say 

For ^ G W5 and i < A we also let Ag- be a P^-name for the interval {5, A) . The 
condition is fully determined by (*)i6- 
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Case 2: (5 G 5* is a successor ordinal, say S — /3 + 1. 

First, for each ^ e \ wp we pick P^-names s| and ^ (for a < 5, i < X) such 
that r'^ Ihp^ r^(^) = and 

r}\S, Ih " the sequence (s|, A ^ : a < /3) is a legal partial play of 
3s™"'(f^''(0>Q«) in which Generic follows st| ". 
Next, we let dom(r|) = dom(r^) and for each ^ G W5 we choose P^-names 
and A^g ^ (for i < \) such that 

''/J fliCl, ^ is the answer to the partial game as in (*)i5 given by st|. 

For f G dom(r|) \ ws we put ^K^) = ?'^(0- Then we define condition by (*)i6- 
Case 3: 5 G is a limit ordinal. 

We let dom(r|) — IJ dom(r+) and by induction on ^ G dom(r|) we define r|(^) 
so that 

. if e ^ ws, then r|re 1^ (Va < <5)(r^(e) < (exists by (*)i6), 

• if ^ G W5 then for some P^-names ,• for members of 13 n V 

T*5 \i ""Pi; ''KO: ^ ^5 i is answer to the partial game as in (*)i5 given by st^. 

The condition is given by (*)i6- 

After the above construction is carried out we note that 

{,5 < A : (Ve G w,){ya, i < S){S G 4 J} G D, 

so we may choose an ordinal S £ S \ {a* + 1) which is a limit of points from A \ 
and such that (5 G H ^1 i for all ^ G . The following claim provides the 

desired contradiction (remember (*)o + (*)5)- 

Claim 6.4.1. For some t £ Ts such that Tks{t) = 7 the conditions qf and r| are 
compatible 

Proof of the Claim. The proof is very much like that of Claim [^7. II Let (e^ : /3 < 
/3*) = ws U {7} be the increasing enumeration. For each ^ < 7 fix a P^-name st| 
for a winning strategy of Complete in Dq (Q^ , 0q^ ) such that it instructs Complete 
to play 0Q^ as long as her opponent plays 0q^ . 

By induction on /3 < /3* we will choose conditions S/3,s^ G Pe^ and t ~ {{t}^^ : 
13 < P*) e Ts such that letting = {{t)^'^ : < /3) G T5 we have 

(□)a q% < sp and r| lep < s^, 

(□)/, dom(s^) = dom(s^) and for every < 6^, 

s} rC I^Pc " (s/3'(C), 5^'(C) : < /3) is a partial legal play of D^(Qc'%c) 
in which Complete uses her winning strategy st J " . 

Suppose that /3 < /3* is a limit ordinal and we have already defined to = ((i)^^, : 
P' < 13) and (s/3',s^, : P' < (3). Let £, = sup{efi> : /3' < /?). It follows from (□)fc 
that we may find a condition sp G P^^ such that sp\S, is stronger than all s^, (for 
/?' < (3) and sp\[i,ep) = r*g\[^,ep). Clearly r*g\ep < sp and also gfjC < sp\^ 
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(remember (□)a)- Now by induction on ( G [Ci^/s] we argue that q^/i \( < sp\(. 
Suppose that £, < C < sjid we know q^^, \(^ < sp \(. By (*)2 + (*)4 + (*)6 we know 
that sp\( Ih (Vi < d){ri{() < Pj^(C) ^ Q^niO) ^^'^ therefore we may use (*)ii to 
conchide that 

Then the condition s*p £ P^^ is determined (H)^. 

Now suppose that (3 — (3' + 1 < f3* and we have aheady defined spi, s^, e P^^, 

and to e Tg. It follows from the choice of S and (*)i4 that r| \ep' Ih (5 e f] A A£ ^ 

a<5i<\ 

and hence, by the choice of r and (*)i5 we have (remember (0) of I6.2r 2)) 

si, Ihp,^, " {3s < es,e,,){qs.e,,ie) < rUep')) ". 
Therefore we may use (*)9 to choose e = (i)e^, and a condition sp £ P^^ such that 

• to =^to U {{ei3',e)} e Ts, s*p, < splep' and 

sp\£0' Ihp " q^^Sfi') < r^iep-) = s^(e^') ", 

P ''o 

• rg\{ei3',ei3) = sp\{ep,,ep). 

We finish exactly like in the limit case. 

After the inductive construction is completed, look a.t t = to and s^.. □ 

(b) Should be clear at the moment. □ 

Definition 6.5 (See |RS05[ Def. 3.1]). Let Q be a strategically (<A)-complete 
forcing notion. 

(1) Let p G Q. A game D'S^{p,Q) is defined similarly to D^'^2(p,(Q)) fsee lO)) 
except that the winning criterion (®)fi5B is weakened to 

(®)^ there is a condition p* e Q stronger than p and such that 

p* IhQ " {a < A : {3t e Q{qt e Tq)} G D"^ ". 

(2) A forcing notion Q is reasonably B-bounding over D if for any p G Q, 
Generic has a winning strategy in the game {p, Q) . 

Observation 6.6. // Q is reasonably B-bounding over D, then it is reasonably 
merry over {S,D). 

It is not clear though, if forcing notions which are reasonably B-bounding over a 
I?^~parameter p are also reasonably merry (see Problem l7.4p . Also, we do not know 
if fuzzy properness introduced in |RS071 §A.3] implies that the considered forcing 
notion is reasonably merry (see Problem 17.51) , even though the former property 
seems to be almost built into the latter one. 

One may ask if being reasonably merry implies being B-bounding. There are 
examples that this is not the case. The forcing notion Q|, (see 16.81 below) was 
introduced in jRSOSl Section 6] and by |RS05[ Proposition 6.4] we know that it is 
not reasonably B-bounding over D. However we will see in l6.12l that it is reasonably 
merry over {S,D). 

Definition 6.7 (See |RS05i Def. 5.1]). (1) Let a < /3 < A. An {a, P) -extending 
function is a mapping c : 'P(a) — > 'P(/3) \ 'P{a) such that c{u) Ci a = u for 
ah u G Via). 
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(2) Let C be an unbounded subset of A. A C -extending sequence is a sequence 
c = (cq : a G C) such that each Cq is an (ck,min(C \ (a + l)))-extending 
function. 

(3) Let C C A, |C| = A, /3 G C, w C /3 and let c = (c^ : a G C) be a C- 
extending sequence. We define pos'^(w, c,/3) as the family of all subsets u 
of /3 such that 

(i) if ao = min ({a G C : (V^ G < then u H ag — w (so if 
ao — /3, then u = w), and 

(ii) if ao,ai G C, w Q ao < ai — min(C \ (ao + 1)) < then cither 
Cag{u n ao) = u n Q!i or u n ao = u n ai, 

(iii) if sup(?i') < ao = sup(C n ao) ^ C, ai = min (C \ (ao + 1)) < f3, then 
u n ai — uC] ao. 

For ao G /3 n C such that w C ao, the family pos(i(;, c, ao, /?) consists of all 
elements u of pos+(i(;, c,/3) which satisfy also the following condition: 

(iv) if ai = min (C \ (ao + 1)) < /3, then uCiai = Cag{w). 

Definition 6.8 (See |RS05[ Def. 6.2]). We define a forcing notion Q|, as follows. 
A condition in Qjj is a triple p = (w^, C^, c^) such that 

(1) CP eD,wPC min(CP), 

(ii) = (cf^ : a G C^) is a -extending sequence. 
The order <q2 =< of is given by 
P ^Q|, 1 if ^iid only if 

(a) C« C CP and w"? G pos+{wP, cP,min(C9)) and 

(b) if ao, Oil G C"', ao < ai = min(C' \ (ao + 1)) and u G pos+(w'^, c'', ao), then 
Cqo(") e pos(u,cP,ao,ai). 

Forp G Q^, a G CP and M G pos+ (wP , qP , a) we let pf^u =^ {u,CP\a,cP\iCP\a)). 

In |RS05[ Problem 6.1] we asked if A-support iterations of forcing notions Qjj 
are A-proper. Now we may answer this question positively (assuming that A is 
strongly inaccessible). First, let us state some auxiliary definitions and facts. 

Proposition 6.9. (1) Q|) is a {<X) -complete forcing notion of cardinality 2^ . 

(2) IfpeQl) and a G CP, then 

• for each u G pos'^(wP, c^, a), pf^u G Q|) is a condition stronger than 
p, and 

• the family {pf^u : u G pos+(i(;P, c^, a)} is pre-dense above p. 

(3) Let p G Q|) and a < (3 be two successive members of CP . Suppose that 
for each u G pos^(z«P, c^, a) we are given a condition g„ G such that 
p\pcP^{u) < Qu- Then there is a condition q G Q|) such that letting a' — 
min(C"? \ /3) we have 

(a) p < q, w'i ^ wP , n 13 ^ CP n P and = for SeC^Cia, and 

a', and 

(c) (?u < 9L'Ca(w) /or every u G pos+(u'P, c'', a). 

(4) Assume that p G Q^j, a G C arid t is a Qj^-name such that p Ih "r G V". 
Then there is a condition q G <Q|, stronger than p and such that 

(a) «;« = wP, a G C"? anrf C^ Ha = CP Ha, and 

(b) if u ^ pos+(u'*, c'', a) and 7 = min(C^ \ (o^ + 1))? i'len i/ie condition 
q\^c'^{u) forces a value to t. 
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Proof. Fully parallel to jRS05| Proposition 5.1]. □ 

Definition 6.10. The natural limit of an <q2^ -increasing sequence p = (p^ : ^ < 
7) ^ Qd (where 7 < A is a limit ordinal) is the condition q — (w', C, c"^) defined 
as follows: 

, w9 = [j wP(,Ci ^ fl CP( and 

• c'^ — {cg : S E C) is such that for 5 G C and u C 5 we have c^(u) = 
U cfiu). 

Proposition 6.11. (1) Suppose p — {p^ : ^ < A) is a <q2^ -increasing sequence 
of conditions from Q|) such that 

(a) wP« = wP° for all ^ < \, and 

(b) if J < X is limit, then pj is the natural limit ofp\"f, and 

(c) for each ^ < X, if S e C'Ps , otp(CP« n6) ^ then Cp^+^ n ((5 + 1) = 
CP« n ((5 + 1) and for every a G CP«+i r\6 we have Ca'^+' = c^'^ . 

Then the sequence p has an upper bound in Q'jj . 
(2) Suppose that p G and h is a Q'jj-name such that p Ih "h : X — > V". 
Then there is a condition q G Qj^ stronger than p and such that 
(eg) if S < 6' are two successive points of , u G pos(?i''^, c'', 5), then the 
condition g|'^/C^('u) decides the value ofh\{S + 1). 

Proof Fully parallel to }RS05| Proposition 5.2]. □ 

Proposition 6.12. Assume that A, 5, D are as in \6.1[ The forcing notion Q|j is 
reasonably merry over {S,D). 

Proof. Let p G Q'jj. We will describe a strategy st for Generic in the game 
^master j-p^ q2^^ _ -j-j^-g g^^j-ategy is essentially the same as the one in the proof of 
|RS05[ Proposition 5.4], only the argument that it is a winning strategy is different. 

In the course of a play the strategy st instructs Generic to build aside an in- 
creasing sequence of conditions p* = (p* : a < A) C (Q)|, such that for each a < X: 

(a) Pq ^ p and wP" ~ ujP, and 

(b) if a < A is limit, then p* is the natural limit of p* \a, and 

(c) if 5 G CP'" , otp(CP- nS) = a, then CP=+i n{S + l) = Cp'" n (5 + 1) and for 
every ^ G C^°+i n (5 we have c^°+^ = c^" , and 

(d) after stage a of the play of Dg^'°''(p, Q|)), the condition is determined. 

After arriving to the stage a. Generic is instructed to pick 5 G such that 
otp(CP" f^8) — a, put 7 = min(CP" \ (<5 + 1)) and play as her innings of this stage: 

/a = pos+(wP°,c''°,(5) and = p* f^c^" (u) for u G /„. 

Then Antigeneric answers with (g" : u G la) ^ Since P*a\ -yf^f [u) < q" for 

each u G pos"'"(wPo , cP° , (5), Generic may use lG.Of S) (with 5, 7,p*,g" here standing 
for a, I3,p, qu there) to pick a condition p^^i such that, letting a' = min(C^°+i \7), 
we have 

(e) P*a < Pa+i, = wP, CP'"+^ n 7 = CP" n 7 and cf^' = cf for ^ G 

n (5, and 

(f) Ulw^"^" : u G /a} C a', and 
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(g) Qu < P*a+i L'C/+'(u) for every u e /„. 

This completes the description of st. Suppose that {p",q!j^ : u E la) : a < A) is 
the result of a play of D'g^^*^'^'^ {p, Q|,) in which Generic followed st and constructed 
aside p* — (p* : a < A) . By 16.111 there is a condition p* 6 Q^, stronger than all 
p* (for a < A). We claim that p* is an (S', D) -knighting condition for the servant 
q = (q" : a E S u E la) ■ To this end consider the following strategy st* of COM 
in ^j^^"^* (g, P* , ) ■ After arriving to a stage a e 5 of a play of Df;'^''"' {q,P*,Ql,), 
when {rp,Ap :/?<«) has been already constructed, COM plays as follows. 
If a is a successor or a ^ p| Ap^ then she just puts r^, Aa such that: 

/3<Q 

(h) < Tq, for all /3 < a and if (5 G is such that otp((5 n C^°) = a, then 

\ (5 + 1) 7^ 0, and 

(i) n ^/sn n C'-'^ \(supK°) + 1). 

If a G n Ap is a limit ordinal, then COM first lets u — [J w'^f . It follows from 

(h)+(i) from earlier stages that m C a, a G C^" and otp(a n C") = a. Note that 
a G n C"'^ M e n pos+(^^;'■^ c'■^a) and u E la- Let a' = min (C^' \ (a + 1)) 

and a" G f] C^" \ (a + 1). It follows from (c)+(g) that for each 13 < a we have 

I3<a 

q: < K + 1 ra'C? + ^ (U) < p* \a.ci in) < rp \a„cl' {u) . 

Hence COM may choose a condition > stronger than all (for /? < a) and 
satisfying (h). Then Aa is given by (i). 

It follows directly from the description of st* that it is a winning strategy of 
COM in Dg;'^''"' (9, P* , Q|) ) • □ 

The master game used to define the property of being reasonably merry 

is essentially a variant of the A-reasonable boundedness game D'''^^ of [RS05' Def. 
3.1]. The related bounding property was weakened in [RS. Def. 2.9] by introducing 
double SL-reasonably completeness game D'''^^'^. We may use these ideas to introduce 
a property much weaker than "reasonably merry" , though the description of the 
resulting notions becomes somewhat more complicated. As an award for additional 
complication we get a true preservation theorem, however. In the rest of this 
section, in addition to 16.11 we assume also 

Context 6.13. /l = {fia : a < A) is a sequence of cardinals below A such that 

(Va<A)(Ho<Aic«=A'a'). 

Definition 6.14. Let Q be a forcing notion. 

(1) A double Q-servant over 5*, /2 is a sequence 

q = : 6 E S k -/ < us -^s) 

such that for S E S, 

• < ^5 < A and G Q (for 7 < • 6), 

. {y^,^'<^s){yJ<^^5){^'<^ ^ 
(Here fis is treated as an ordinal and fig ■ is the ordinal product of fig 
and ^5.) 
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(2) Let g be a double Q-servant over S, p. and let q E Q. We define a game 
'^s^.Djii'l'lT'^) as follows. A play of ^I^Jj!^ Q) lasts at most A steps 
during which the players, COM and INC, attempt to construct a sequence 
{ra , Aa : a < X) such that 

• ra e Q, q < ra, Aa e D and a < (3 < \ ra < rp. 

The terms Tq, , Aa are chosen successively by the two players so that 

• if a ^ S*, then INC picks Tq,, Aa, and 

• if a G S*, then COM chooses r^, Aq. 

If at some moment of the play one of the players has no legal move, then INC 
wins; otherwise, if both players always had legal moves and the sequence 
{ra,Aa : a < X) has been constructed, then COM wins if and only if 

(^) (V,5 eS){[6e f]Aak6 is limit ] ^ {3j < fis){y^ < ^5){qi,.,+, < rg)). 

(3) If COM has a winning strategy in the game c)|^|f^(g, q, Q), then we will 
say that q is an knighting condition for the double servant q. 

Definition 6.15. Let Q be a strategically (<A)~complete forcing notion. 

(1) For a condition p G Q we define a game Sf'^f^lp, Q) between two players. 
Generic and Antigeneric. A play of ii)|'5fp(|), Q) lasts A steps and during a 
play a sequence 

g" : 7 < • ^q) : a < A). 

is constructed. (Again, fia • is the ordinal product of fia and ^q.) Sup- 
pose that the players have arrived to a stage a < A of the game. First, 
Antigeneric picks a non-zero ordinal ^a < A. Then the two players start a 
subgame of length fia ■ alternately choosing the terms of the sequence 
(p^, g^ : 7 < • ^q). At a stage -f = fia ■ i + j (where i < Ca, j < t^a) of 
the subgame, first Generic picks a condition G Q stronger than p and 
stronger than all conditions qf for ^ < 7 of the form d — fXa ■ i' + j (where 
i' < i), and then Antigeneric answers with a condition g" stronger thanp". 
At the end, Generic wins the play if 

(a) there were always legal moves for both players (so a sequence 

q" : J < fia ■ ^a) ■ a < X) 

has been constructed) and 

(b) for each a G S, the conditions in {p" : j < fj,a} are pairwise incom- 
patible, and 

(c) letting 

q = {^s, qff ■■ S e S k -y < fis ■ (,s) 
(it is a double Q~servant over S) we may find a knighting condition 
g > p for the double servant g. 

(2) A forcing notion Q is reasonably double merry over {S, D, p.) if (it is strate- 
gically (<)-complete and) Generic has a winning strategy in the game 
^sT'piP^^) for anypGQ. 

Theorem 6.16. Assume that A, 5*, D, p, are as in WMUA^ Let Q = (P^, : a < 

7) be a X-support iteration such that for each a < 7; 

^Pa " Qq is reasonably double merry over {S,D,p)". 
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Then ¥~f = lini(Q) is reasonably double merry over {S,D,fi) (so also X-proper). 

Proof. Combine the proof of |RS| Thm 2.12] (the description of the strategy here 
is the same as the one there) with the end of the proof of I6.4f a). □ 

7. Open problems 

Problem 7.1. Let p = (P, S, D) be a ©^-parameter. Does "reasonably B-bounding 
overp" (see ll.Sp imply "reasonably B-bounding over Z)" ioi [RS051 Def. 3.1])? Does 
"reasonably B-bounding over p" imply "B-noble over p" ? f Note 1^751 ') 

Problem 7.2. Are there any relations among the notions of properness over 
D-semi diamonds (of |RS01j ). properness over D-diamonds (of |Eis03j ) and B- 
nobleness fof I3.ip ? 

Problem 7.3. Does A-support iterations of forcing notions of the form add 
A-Cohens? Here we may look at iterations as in 13.31 or 12.71 

Problem 7.4. Does "reasonably B-bounding over p" (for a 2?£-parameter p) 
imply "reasonably merry over (5', D)" (for some S^D as in lG.ip ? 

Problem 7.5. Does "fuzzy proper over quasi ZJ-diamonds for W^" (see [RS07[ 
Def. A. 3. 6]) imply "reasonably merry"? (Any result in this direction may require 
additional assumptions on 1^,2} in [RS07', A.3.1, A.3.3].) 
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